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ABSTRACT
In this paper, a three-dimensional geometrically exact model is developed for cantilevers, for the
first time, which allows for accurate analysis of oscillations of extremely large amplitude. The
proposed exact model is on the basis of three Euler angles describing the centreline motion.
Euler–Bernoulli beam theory is utilised together with Kelvin–Voigt material damping, while
utilising the centreline-inextensibility assumption. Hamilton’s principle is utilised to derive the
equations of motion for the three rotational motions, while keeping all terms geometrically
exact. Galerkin discretisation is performed on the three partial differential equations of motion
and the resultant set of discretised equations is solved using a continuation technique. The
unique feature of the proposed exact model is its capability to capture very large-amplitude
vibrations accurately, for both two-dimensional and three-dimensional motions. The dynamical
response of the cantilever is examined in detail in the primary resonance region, highlighting
the effect of the one-to-one internal resonance between the in-plane and out-of-plane transverse
motions. A comparison between the geometrically exact model and the third-order nonlinear
model is conducted to better showcase the significance of the proposed exact model, and the
limitations of a truncated third-order model.

1. Introduction
Beam, plate, and shell structures can be found in various engineering systems [1–8]. As a sub-class of these structures,
cantilevers are present in numerous engineering applications ranging from macro [2,9,10] to nano scale, such as micro/nanoelectromechanical systems, micro gyroscopes, vibration energy harvesters, and scanning probe microscopy [11–16]. Due to having
one end free, cantilevers could undergo large-amplitude oscillations under relatively small base excitation magnitudes. In fact, the
capability to undergo large-amplitude oscillations is very desirable in certain applications such as in inverted-flag-based flow energy
harvesters [17–19]. However, accurate prediction of the response of a cantilever undergoing oscillations of very large amplitudes
is a difficult task due to presence of various sources of nonlinearity, such as geometric nonlinearities due to large rotations as well
as inertial nonlinearities arising from centreline inextensibility. A concise review of the literature is given in the following, focusing
on the key models developed to date and highlighting the limitations of the currently available models in the literature.
Examining the dynamical behaviour of cantilevers has been the subject of investigation by many researchers over the last few
decades. Most of these studies examine the planar, i.e. two-dimensional (2D), dynamics of cantilevers while some examine their
three-dimensional (3D) motion. One of the early investigations on 3D dynamics of cantilevers was conducted by Crespo da Silva
and Glynn [20,21], who derived the inextensional equations governing the motion of cantilevers taking into account geometric
and inertial nonlinearities; they utilised the method of multiple scales to study the cantilever dynamics. Nayfeh and Pai [22,23]

∗ Corresponding author.
E-mail address: hamed.farokhi@northumbria.ac.uk (H. Farokhi).

https://doi.org/10.1016/j.jsv.2021.116295
Received 16 March 2021; Received in revised form 9 June 2021; Accepted 13 June 2021
Available online 18 June 2021
0022-460X/© 2021 Elsevier Ltd. All rights reserved.

Journal of Sound and Vibration 510 (2021) 116295

H. Farokhi and A. Erturk

continued the investigations on dynamics of cantilevers by examining the 2D transverse vibration of cantilevers under transverse
and axial base excitations; they utilised the inextensibility assumption to derive the nonlinear third-order equation of motion and
used the method multiple scales together with the Galerkin scheme to solve the equation of motion. Further investigations were
carried out by Hsieh et al. [24], who utilised an invariant manifold method to obtain the nonlinear normal vibration modes for finite
amplitude response of a cantilever, and realised that the mode shapes of a linear cantilever can be effectively used for describing
the nonlinear mode shapes. Further studies on this topic were performed by Feng and Leal [25], Anderson et al. [26], and Oh
and Nayfeh [27], focusing on the symmetries in an inextensible cantilever beam equations, vibration of a parametrically excited
cantilever, and presence of combination resonances in composite cantilever plates, respectively.
The investigations on nonlinear two dimensional dynamics of cantilevered beams were continued by Herişanu and Marinca [28],
who proposed an analytical approximation for the nonlinear transverse free vibrations making use of the inextensibility assumption.
In a recent study, Farokhi et al. [29] developed a two-dimensional geometrically exact nonlinear model for a cantilever capable of
examining in-plane vibrations of extreme amplitudes. Cantilevered beam models have also been used in many other investigations,
including those on piezoelectrically actuated beams, mass sensors, and vibration energy harvesters [30–37].
Furthermore, the unified theory of beams including geometrical nonlinearities, and specifically the Carrera Unified Formulation
(CUF) [38], have also been used to study extremely large deflections of cantilevered beams with different cross-sections. The CUF
can be utilised to implement high order 1D finite elements along the thickness direction; as a result of this, the mathematical model’s
accuracy becomes independent of the finite element discretisation and is tuned via increasing the theory approximation order. Pagani
and Carrera [39] utilised the CUF and a total Lagrangian approach to introduce a unified beam theory with geometric nonlinearities,
and used this formulation to analyse large deflection, buckling, and postbuckling of solid cross-section beams as well as thin-walled
structures. Pagani et al. [40] examined the frequency and mode change in post-buckled thin-walled beams and those undergoing
large deflections. The investigations were further continued by Carrera et al. [41,42] who examined the nonlinear large-amplitude
response of beams with highly-deformable cross-sections and studied the frequency and mode change of thin-walled shell structures
subject to large displacements and rotations.
The objective of the present study is to develop a three-dimensional (3D) geometrically exact analytical model for a cantilever
for analysing in-plane and out-of-plane vibrations of extremely large amplitude. To the authors’ best knowledge, such a model has
not been developed to date. This study, for the first time, proposes a 3D exact model for a cantilever based on the three Euler angles.
The unique feature of the proposed model is that the equations of motion are obtained for the three centreline rotation angles, rather
than the centreline displacements, and all terms are kept intact (hence the geometrically exact model). The only 3D beam models
developed for cantilevers to date are those proposed initially by Crespo da Silva and Glynn [20,21] and then by Nayfeh and coworkers [43,44]. These nonlinear 3D models are based on truncation of geometrically nonlinear terms up to cubic order, and hence
they work well only for moderately large oscillations (refer to Section for 7 for a detailed comparison). The proposed exact model,
however, is capable of examining oscillations of extremely large amplitudes in both two-dimensional (2D) and three-dimensional
regimes. The accuracy of the proposed model is verified for the case of 2D motion via comparison to a 2D exact model [29], and for
the case of 3D motion via comparison to a 3D nonlinear finite element model. Additionally, thorough comparisons are conducted
between the proposed 3D exact model and the 3D third-order nonlinear model of the cantilever to better highlight the limitations
of the truncated model. The nonlinear extreme dynamics of the cantilever is examined in primary resonance region, showcasing
various bifurcation points and transitions from 2D to 3D motion.
2. Analytical model development
In this section, the three-dimensional geometrically exact nonlinear model for a homogeneous cantilevered beam is derived in
detail while assuming an inextensible centreline. The system under consideration is a cantilevered beam of length 𝐿, mass per unit
length 𝑚, Young’s modulus 𝐸, material damping 𝜂, shear modulus 𝐺, and cross-sectional area 𝐴. The coordinate system associated
with the undeformed geometry is denoted by 𝑥𝑦𝑧, while the curvilinear coordinate 𝑠 indicates the distance of any points on the
cantilever from the clamped end. The cantilever is under harmonic base excitation of 𝑦0 sin(𝜔𝑦 𝑡) in the 𝑦 direction.
The motion of the cantilever from the undeformed to deformed state is described via three consecutive Euler angles, namely
𝜓, 𝜃, and 𝜑, as shown for a differential element in Fig. 1. In what follows, the equations of motion of the cantilever are obtained
for these three angles while keeping all the terms geometrically exact. These equations allow for accurate analysis of the nonlinear
oscillations of very large amplitudes, even when the tip angle grows larger than 𝜋∕2.
Denoting the centreline strain by 𝑒 and the displacements in the 𝑥, 𝑦, and 𝑧 directions by 𝑢, 𝑣, and 𝑤, respectively, the following
expressions for 𝜓 and 𝜃 can be obtained based on Fig. 1 [43]
𝜕𝑠 𝑣(𝑠, 𝑡)
,
sin 𝜓(𝑠, 𝑡) = √
(
)2 (
)2
1 + 𝜕𝑠 𝑢(𝑠, 𝑡) + 𝜕𝑠 𝑣(𝑠, 𝑡)
1 + 𝜕𝑠 𝑢(𝑠, 𝑡)
cos 𝜓(𝑠, 𝑡) = √
,
(
)2 (
)2
1 + 𝜕𝑠 𝑢(𝑠, 𝑡) + 𝜕𝑠 𝑣(𝑠, 𝑡)

(1)

−𝜕𝑠 𝑤(𝑠, 𝑡)
sin 𝜃(𝑠, 𝑡) =
,
1+𝑒
√
(
)2 (
)2
1 + 𝜕𝑠 𝑢(𝑠, 𝑡) + 𝜕𝑠 𝑣(𝑠, 𝑡)
,
cos 𝜃(𝑠, 𝑡) =
1+𝑒
2
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Fig. 1. Undeformed and deformed differential element of the beam showing displacements and Euler angles.

in which the operator 𝜕𝑠 denotes 𝜕∕𝜕𝑠.
It is important to note that even when the cantilever undergoes oscillations of extremely large amplitude, the strain remains
small and hence the centreline can be safely assumed to remain inextensible, i.e. 𝑒 = 0, which leads to (1 + 𝜕𝑠 𝑢(𝑠, 𝑡))2 + (𝜕𝑠 𝑣(𝑠, 𝑡))2 +
(𝜕𝑠 𝑤(𝑠, 𝑡))2 = 1. As a result, the cantilever displacements 𝑢, 𝑣, and 𝑤, can be formulated in terms of the centreline rotation angles 𝜓
and 𝜃 as
)
𝑠(
𝑢(𝑠, 𝑡) =
cos 𝜓(𝜉, 𝑡) cos 𝜃(𝜉, 𝑡) − 1 d𝜉,
∫0
𝑠

𝑣(𝑠, 𝑡) =

∫0

(2)

sin 𝜓(𝜉, 𝑡) cos 𝜃(𝜉, 𝑡)d𝜉,
𝑠

𝑤(𝑠, 𝑡) = −

∫0

sin 𝜃(𝜉, 𝑡)d𝜉.

Next, the strain and kinetic energies of the cantilever and the dissipative work of the viscous stresses are formulated. Denoting the
deformed coordinate by 𝑥∗ 𝑦∗ 𝑧∗ , the three curvature components about 𝑥∗ , 𝑦∗ , and 𝑧∗ axes, represented by 𝜅1 , 𝜅2 , and 𝜅3 , respectively,
can be formulated in terms of the three Euler angles as [43]
𝜅1 (𝑠, 𝑡) = 𝜕𝑠 𝜑(𝑠, 𝑡) − 𝜕𝑠 𝜓(𝑠, 𝑡) sin 𝜃(𝑠, 𝑡),
(3)

𝜅2 (𝑠, 𝑡) = 𝜕𝑠 𝜓(𝑠, 𝑡) cos 𝜃(𝑠, 𝑡) sin 𝜑(𝑠, 𝑡) + 𝜕𝑠 𝜃(𝑠, 𝑡) cos 𝜑(𝑠, 𝑡),
𝜅3 (𝑠, 𝑡) = 𝜕𝑠 𝜓(𝑠, 𝑡) cos 𝜃(𝑠, 𝑡) cos 𝜑(𝑠, 𝑡) − 𝜕𝑠 𝜃(𝑠, 𝑡) sin 𝜑(𝑠, 𝑡).

A very important point to note here is that a nonzero 𝜑 is not necessarily an indication of the presence of a torque in the axial
direction. In other words, even when there is no torque applied to the cantilever, the twist can be induced by bending deflections,
and hence the reason that 𝜑 is considered in the model development. As a result, the following strains are defined
𝜀11 (𝑠, 𝑡) = −𝑦𝜅3 (𝑠, 𝑡) + 𝑧𝜅2 (𝑠, 𝑡),

𝜀12 (𝑠, 𝑡) = −𝑧𝜅1 (𝑠, 𝑡),

(4)

𝜀13 (𝑠, 𝑡) = 𝑦𝜅1 (𝑠, 𝑡),

where 𝜀12 and 𝜀13 are engineering shear strains. The corresponding stress–strain relationships based on the Kelvin–Voigt model can
be expressed as
(
)
𝜎11 (𝑠, 𝑡) = 𝐸 𝜀11 (𝑠, 𝑡) + 𝜂𝜕𝑡 𝜀11 (𝑠, 𝑡) ,
(
)
𝜎12 (𝑠, 𝑡) = 𝐺 𝜀12 (𝑠, 𝑡) + 𝜂𝜕𝑡 𝜀12 (𝑠, 𝑡) ,
(5)
(
)
𝜎13 (𝑠, 𝑡) = 𝐺 𝜀13 (𝑠, 𝑡) + 𝜂𝜕𝑡 𝜀13 (𝑠, 𝑡) ,
where 𝜂 denotes the material viscosity.
The variation of the potential strain energy of the cantilever based on the elastic stress components is given by
{
𝐿
𝛿 (𝑡) =
𝐸(−𝑦𝜅3 (𝑠, 𝑡) + 𝑧𝜅2 (𝑠, 𝑡))(−𝑦𝛿𝜅3 (𝑠, 𝑡) + 𝑧𝛿𝜅2 (𝑠, 𝑡))
∫0 ∫𝐴
}
+𝐺𝑧2 𝜅1 (𝑠, 𝑡)𝛿𝜅1 (𝑠, 𝑡) + 𝐺𝑦2 𝜅1 (𝑠, 𝑡)𝛿𝜅1 (𝑠, 𝑡) d𝐴d𝑠,
𝐿

=

∫0

{

}
𝐸𝐼𝑧 𝜅3 (𝑠, 𝑡)𝛿𝜅3 (𝑠, 𝑡) + 𝐸𝐼𝑦 𝜅2 (𝑠, 𝑡)𝛿𝜅2 (𝑠, 𝑡) + 𝐺𝐼𝑥 𝜅1 (𝑠, 𝑡)𝛿𝜅1 (𝑠, 𝑡)
3

d𝑠,

(6)
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where 𝛿 represents the variational operator and
𝐼𝑥 =

∫𝐴

(𝑦2 + 𝑧2 )d𝐴,

𝐼𝑦 =

∫𝐴

𝑧2 d𝐴,

𝐼𝑧 =

∫𝐴

𝑦2 d𝐴.

(7)

It should be noted that the relationship 𝐼𝑥 = 𝐼𝑦 + 𝐼𝑧 holds only for homogeneous cantilevers with circular cross-sections. For
cantilevers with non-circular cross-sections, the torsional rigidity 𝐺𝐼𝑥 reduces due to torsional warping of cross-sections [43].
Since the system is under harmonic base excitation in the 𝑦 direction, the total displacement in the 𝑦 direction is 𝑣𝑡 = 𝑣+𝑦0 sin(𝜔𝑦 𝑡).
As such, the kinetic energy can be formulated as
{[
) ]2
𝐿
𝑠(
1
𝜕𝑡 𝜓(𝜉, 𝑡) sin 𝜓(𝜉, 𝑡) cos 𝜃(𝜉, 𝑡) + 𝜕𝑡 𝜃(𝜉, 𝑡) cos 𝜓(𝜉, 𝑡) sin 𝜃(𝜉, 𝑡) d𝜉
𝐸 = 𝑚
∫0
2 ∫0
[
𝑠 (
+ 𝑦0 𝜔𝑦 cos(𝜔𝑦 𝑡) +
𝜕𝑡 𝜓(𝜉, 𝑡) cos 𝜓(𝜉, 𝑡) cos 𝜃(𝜉, 𝑡)
∫0
(8)
]2
)
− 𝜕𝑡 𝜃(𝜉, 𝑡) sin 𝜓(𝜉, 𝑡) sin 𝜃(𝜉, 𝑡)
[
+

𝑠(

∫0

d𝜉

)2
) ]2 }
𝐿(
1
𝜕𝑡 𝜑(𝑠, 𝑡) d𝑠,
𝜕𝑡 𝜃(𝜉, 𝑡) cos 𝜃(𝜉, 𝑡) d𝜉
d𝑠 + 𝐽𝑥
2 ∫0

in which 𝐽𝑥 = 𝜌𝐼𝑥 where 𝜌 is the mass density. It should be noted that the rotary inertias for 𝜓 and 𝜃 are neglected, as they have
negligible effect for slender cantilevers [43]. The reason for keeping the rotary inertia for 𝜑 is to ensure that all three equations of
motion have inertia components, which makes the solution procedure more straightforward.
The virtual work of the viscous components of the stresses can be formulated as
𝐿 {
𝛿𝑣 (𝑡) = −
𝐸𝜂𝐼𝑧 𝜕𝑡 𝜅3 (𝑠, 𝑡)𝛿𝜅3 (𝑠, 𝑡) + 𝐸𝜂𝐼𝑦 𝜕𝑡 𝜅2 (𝑠, 𝑡)𝛿𝜅2 (𝑠, 𝑡)
∫0
(9)
}
+ 𝐺𝜂𝐼𝑥 𝜕𝑡 𝜅1 (𝑠, 𝑡)𝛿𝜅1 (𝑠, 𝑡) d𝑠.
Substituting Eqs. (6), (8), and (9) into the extended Hamilton’s principle
)
𝑡2 (
𝛿𝐸 (𝑡) − 𝛿 (𝑡) + 𝛿𝑣 (𝑡) d𝑡 = 0,
∫𝑡1
the equations of motion for 𝜓, 𝜃, and 𝜑 can be obtained as
(
) ]
𝐿[
𝑠∗
𝑚 cos 𝜓 cos 𝜃
−𝑎0 sin(𝜔𝑦 𝑡) +
𝜕𝑡𝑡 sin 𝜓(𝜉, 𝑡) cos 𝜃(𝜉, 𝑡) d𝜉 d𝑠∗
∫𝑠
∫0
(
)
𝐿
𝑠∗
− 𝑚 sin 𝜓 cos 𝜃
𝜕𝑡𝑡 cos 𝜓(𝜉, 𝑡) cos 𝜃(𝜉, 𝑡) − 1 d𝜉d𝑠∗
∫𝑠 ∫0
[
(
)]
− 𝐸𝐼𝑧 𝜕𝑠 cos 𝜃 cos 𝜑 𝜅3 + 𝜂𝜕𝑡 𝜅3
[
[
(
)]
(
)]
− 𝐸𝐼𝑦 𝜕𝑠 cos 𝜃 sin 𝜑 𝜅2 + 𝜂𝜕𝑡 𝜅2 + 𝐺𝐼𝑥 𝜕𝑠 sin 𝜃 𝜅1 + 𝜂𝜕𝑡 𝜅1 = 0,
𝐿

𝑚 cos 𝜃

𝑠∗

∫𝑠 ∫0

− 𝑚 sin 𝜓 sin 𝜃

−
−
+

(11)

(
)
𝜕𝑡𝑡 sin 𝜃(𝜉, 𝑡) d𝜉d𝑠∗
𝐿[

𝑠∗

−𝑎0 sin(𝜔𝑦 𝑡) +

∫𝑠

(
) ]
𝜕𝑡𝑡 sin 𝜓(𝜉, 𝑡) cos 𝜃(𝜉, 𝑡) d𝜉 d𝑠∗

∫0
(
)
𝑚 cos 𝜓 sin 𝜃
𝜕𝑡𝑡 cos 𝜓(𝜉, 𝑡) cos 𝜃(𝜉, 𝑡) − 1 d𝜉d𝑠∗
∫𝑠 ∫0
(
)
𝐺𝐼𝑥 (𝜕𝑠 𝜓) cos 𝜃 𝜅1 + 𝜂𝜕𝑡 𝜅1
[
[
(
)]
(
)]
𝐸𝐼𝑧 (𝜕𝑠 𝜓) sin 𝜃 cos 𝜑 𝜅3 + 𝜂𝜕𝑡 𝜅3 − 𝐸𝐼𝑦 (𝜕𝑠 𝜓) sin 𝜃 sin 𝜑 𝜅2 + 𝜂𝜕𝑡 𝜅2
[
[
(
)]
(
)]
𝐸𝐼𝑧 𝜕𝑠 sin 𝜑 𝜅3 + 𝜂𝜕𝑡 𝜅3 − 𝐸𝐼𝑦 𝜕𝑠 cos 𝜑 𝜅2 + 𝜂𝜕𝑡 𝜅2 = 0,
𝐿

−

(10)

𝑠∗

[(
(
)
)(
)]
𝐽𝑥 𝜕𝑡𝑡 𝜑 − 𝐺𝐼𝑥 𝜕𝑠 𝜅1 + 𝜂𝜕𝑡 𝜅1 − 𝐸𝐼𝑧 𝜕𝑠 𝜓 cos 𝜃 sin 𝜑 + 𝜕𝑠 𝜃 cos 𝜑 𝜅3 + 𝜂𝜕𝑡 𝜅3
[(
)(
)]
+ 𝐸𝐼𝑦 𝜕𝑠 𝜓 cos 𝜃 cos 𝜑 − 𝜕𝑠 𝜃 sin 𝜑 𝜅2 + 𝜂𝜕𝑡 𝜅2 = 0.

(12)

(13)

in which 𝑎0 is the base acceleration in the 𝑦 direction which is related to the base excitation amplitude and frequency via 𝑎0 = 𝑦0 𝜔2𝑦 .
4
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It is more convenient to analyse the equations of motion in dimensionless form. Hence, the following dimensionless parameters
are defined
𝑠̃ =

𝑠
,
𝐿

𝛽1 =

𝐺𝐼𝑥
,
𝐸𝐼𝑧

𝛽2 =

𝜏=

𝑡
,
𝑇

𝛺𝑦 = 𝜔𝑦 𝑇 ,

𝜂𝑑 =

𝐼𝑦
𝐼𝑧

,

𝜂
,
𝑇

𝐽𝑥
,
𝑚𝐿2
2
𝑎 𝑇
𝑎𝑦 = 0 ,
𝐿

𝜒=

(14)

(
)1
𝑚 2 2
𝐿 . Substituting these quantities into Eqs. (11)–(13), the dimensionless geometrically-exact equations of motion
where 𝑇 =
𝐸𝐼
of the cantilever can be obtained as
1[

cos 𝜓 cos 𝜃

∫𝑠̃

𝑠∗

−𝑎𝑦 sin(𝛺𝑦 𝜏) +
1

𝑠∗

(
) ]
𝜕𝜏𝜏 sin 𝜓(𝜉, 𝑡) cos 𝜃(𝜉, 𝑡) d𝜉 d𝑠∗

∫0
(
)
𝜕𝜏𝜏 cos 𝜓(𝜉, 𝑡) cos 𝜃(𝜉, 𝑡) − 1 d𝜉d𝑠∗

− sin 𝜓 cos 𝜃
∫𝑠̃ ∫0
{
}
[
(
)]
− 𝜕𝑠̃ cos 𝜃 cos 𝜑 𝜕𝑠̃ 𝜓 cos 𝜃 cos 𝜑 − 𝜕𝑠̃ 𝜃 sin 𝜑 + 𝜂𝑑 𝜕𝜏 𝜕𝑠̃ 𝜓 cos 𝜃 cos 𝜑 − 𝜕𝑠̃ 𝜃 sin 𝜑
{

}
[
(
)]
cos 𝜃 sin 𝜑 𝜕𝑠̃ 𝜓 cos 𝜃 sin 𝜑 + 𝜕𝑠̃ 𝜃 cos 𝜑 + 𝜂𝑑 𝜕𝜏 𝜕𝑠̃ 𝜓 cos 𝜃 sin 𝜑 + 𝜕𝑠̃ 𝜃 cos 𝜑

{

}
[
(
)]
sin 𝜃 𝜕𝑠̃ 𝜑 − 𝜕𝑠̃ 𝜓 sin 𝜃 + 𝜂𝑑 𝜕𝜏 𝜕𝑠̃ 𝜑 − 𝜕𝑠̃ 𝜓 sin 𝜃
= 0,

− 𝛽2 𝜕𝑠̃
+ 𝛽1 𝜕𝑠̃

𝑠∗

1

cos 𝜃

∫𝑠̃ ∫0

(
)
𝜕𝜏𝜏 sin 𝜃(𝜉, 𝜏) d𝜉d𝑠∗
1

− cos 𝜓 sin 𝜃

𝑠∗

(
)
𝜕𝜏𝜏 cos 𝜓(𝜉, 𝑡) cos 𝜃(𝜉, 𝑡) − 1 d𝜉d𝑠∗

∫𝑠̃ ∫0
(
) ]
𝑠∗
1[
−𝑎𝑦 sin(𝛺𝑦 𝜏) +
− sin 𝜓 sin 𝜃
𝜕𝜏𝜏 sin 𝜓(𝜉, 𝑡) cos 𝜃(𝜉, 𝑡) d𝜉 d𝑠∗
∫0
∫𝑠̃
[
(
)]
− 𝛽1 (𝜕𝑠̃ 𝜓) cos 𝜃 𝜕𝑠̃ 𝜑 − 𝜕𝑠̃ 𝜓 sin 𝜃 + 𝜂𝑑 𝜕𝜏 𝜕𝑠̃ 𝜑 − 𝜕𝑠̃ 𝜓 sin 𝜃
[
(
)]
− (𝜕𝑠̃ 𝜓) sin 𝜃 cos 𝜑 𝜕𝑠̃ 𝜓 cos 𝜃 cos 𝜑 − 𝜕𝑠̃ 𝜃 sin 𝜑 + 𝜂𝑑 𝜕𝜏 𝜕𝑠̃ 𝜓 cos 𝜃 cos 𝜑 − 𝜕𝑠̃ 𝜃 sin 𝜑
[
(
)]
− 𝛽2 (𝜕𝑠̃ 𝜓) sin 𝜃 sin 𝜑 𝜕𝑠̃ 𝜓 cos 𝜃 sin 𝜑 + 𝜕𝑠̃ 𝜃 cos 𝜑 + 𝜂𝑑 𝜕𝜏 𝜕𝑠̃ 𝜓 cos 𝜃 sin 𝜑 + 𝜕𝑠̃ 𝜃 cos 𝜑
{
}
[
(
)]
+ 𝜕𝑠̃ sin 𝜑 𝜕𝑠̃ 𝜓 cos 𝜃 cos 𝜑 − 𝜕𝑠̃ 𝜃 sin 𝜑 + 𝜂𝑑 𝜕𝜏 𝜕𝑠̃ 𝜓 cos 𝜃 cos 𝜑 − 𝜕𝑠̃ 𝜃 sin 𝜑
{
− 𝛽2 𝜕𝑠̃

(15)

(16)

}
[
(
)]
cos 𝜑 𝜕𝑠̃ 𝜓 cos 𝜃 sin 𝜑 + 𝜕𝑠̃ 𝜃 cos 𝜑 + 𝜂𝑑 𝜕𝜏 𝜕𝑠̃ 𝜓 cos 𝜃 sin 𝜑 + 𝜕𝑠̃ 𝜃 cos 𝜑
= 0,

[
(
)]
𝜒𝜕𝜏𝜏 𝜑 − 𝛽1 𝜕𝑠̃ 𝜕𝑠̃ 𝜑 − 𝜕𝑠̃ 𝜓 sin 𝜃 + 𝜂𝑑 𝜕𝜏 𝜕𝑠̃ 𝜑 − 𝜕𝑠̃ 𝜓 sin 𝜃
(
)[
− 𝜕𝑠̃ 𝜓 cos 𝜃 sin 𝜑 + 𝜕𝑠̃ 𝜃 cos 𝜑
𝜕𝑠̃ 𝜓 cos 𝜃 cos 𝜑 − 𝜕𝑠̃ 𝜃 sin 𝜑
(
)]
+ 𝜂𝑑 𝜕𝜏 𝜕𝑠̃ 𝜓 cos 𝜃 cos 𝜑 − 𝜕𝑠̃ 𝜃 sin 𝜑
(
)[
+ 𝛽2 𝜕𝑠̃ 𝜓 cos 𝜃 cos 𝜑 − 𝜕𝑠̃ 𝜃 sin 𝜑
𝜕𝑠̃ 𝜓 cos 𝜃 sin 𝜑 + 𝜕𝑠̃ 𝜃 cos 𝜑
(
)]
+ 𝜂𝑑 𝜕𝜏 𝜕𝑠̃ 𝜓 cos 𝜃 sin 𝜑 + 𝜕𝑠̃ 𝜃 cos 𝜑 = 0.
5

(17)
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Fig. 2. Contour plots of the total displacement magnitude (in mm) of the cantilever. (a, b) 3D and 2D (𝑦𝑧 plane) views at 𝑓𝑑 = 6; (c, d) 3D and 2D (𝑦𝑧 plane)
views at 𝑓𝑑 = 9.

3. Discretisation and solution technique
The first step toward solving the nonlinear integro-partial differential equations of the geometrically exact model, i.e. Eqs. (15)–
(17), is the spatial discretisation via the Galerkin technique. To this end, the Euler angles 𝜓, 𝜃, and 𝜑 are defined as
𝜓(𝑠,
̃ 𝜏) =

𝑁1
∑

𝛯𝑛 (𝑠)𝑞
̃ 𝑛 (𝜏),

𝑛=1
𝑁2

𝜃(𝑠,
̃ 𝜏) =

∑

(18)

𝛯𝑛 (𝑠)𝑝
̃ 𝑛 (𝜏),

𝑛=1
𝑁3

𝜑(𝑠,
̃ 𝜏) =

∑

𝛷𝑛 (𝑠)𝑟
̃ 𝑛 (𝜏),

𝑛=1

in which 𝑞𝑛 (𝜏), 𝑝𝑛 (𝜏), and 𝑟𝑛 (𝜏) denote the unknown time-dependent generalised coordinates of centreline rotations 𝜓, 𝜃, and 𝜑,
respectively. 𝛯𝑛 (𝑠)
̃ is defined as 𝜕𝑠̃ 𝛶𝑛 (𝑠)∕𝛼
̃ 𝑛 , where 𝛶𝑛 (𝑠)
̃ is the 𝑛th linear eigenfunction for the transverse motion of a cantilever and
𝛼𝑛 is the 𝑛th root of the transcendental equation 1 + cosh(𝛼) cos(𝛼) = 0. Furthermore, 𝛷𝑛 (𝑠)
̃ = sin[(𝑛 − 1∕2)𝜋 𝑠].
̃
6
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Fig. 3. Nonlinear static deflection of the cantilever tip under the follower tip loads of 𝑓̃1 = 𝑓̃2 = 𝑓𝑑 and 𝑓̃3 = 𝑓𝑑 ∕4. (a, b) transverse tip displacements in the 𝑦
and 𝑧 directions, respectively, and (c) longitudinal tip displacement. Solid line: the proposed geometrically exact model; symbols: the 3D nonlinear FE model.

In this study, an 18-degree-of-freedom (dof) model is constructed by setting 𝑁1 = 𝑁2 = 𝑁3 = 6, i.e. by retaining the first 6
modes for each rotation angle. This number of degrees of freedom ensures converged results as further discussed in Section 6. The
key challenge in discretising the geometrically exact equations of motion is that unlike the case of truncated nonlinear models, for
the exact model the integrations over the spatial domain cannot be carried out in closed-form and hence need to be performed
numerically while retaining sufficient number of terms to ensure convergence. This yields a set of very large discretised equations,
but ensures reliable results even at extremely large oscillation amplitudes.
The discretised model consisting of a set of 18 second-order nonlinear ordinary differential equations (ODEs) is first transformed
into a system of 36 first-order ODEs, and the resultant set is solved via a pseudo-arclength continuation technique. It should be
highlighted here that the unique advantage of deriving the equations of motion for centreline rotations, rather than centreline
displacements, is that it allows examining oscillations of extremely large amplitudes, even for cases when the tip of the cantilever
is bent backwards. Such behaviours cannot be captured or analysed using a nonlinear truncated model irrespective of the order of
truncation, due to the inherent limitation of such models to angles in the range of [−𝜋∕2 𝜋∕2]. After solving the discretised set of
equations for centreline rotations and obtaining the generalised coordinates, the centreline displacements are obtained via Eq. (2).
7
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Fig. 4. Comparison between the 2D resonance response of a cantilever obtained using the exact model proposed in the present study to that reported in Ref. [29]
using an exact 2D model. Solid line: present study; symbols: Ref. [29].

4. Verification

In this section, the accuracy of the proposed geometrically exact model is verified for both static and dynamic cases. More
specifically, first a comparison is performed between the proposed 3D geometrically exact model and a 3D nonlinear finite element
model in predicting the extreme 3D static deflection of a cantilever. The proposed model is then verified for a dynamic case via
comparison to the 2D exact model in Ref. [29], to verify the accuracy of the proposed model for the case of 2D motion.
Starting with the verification for the static case, a cantilevered beam is considered which is subject to three follower tip loads
of 𝑓1 , 𝑓2 , and 𝑓3 in the directions 𝑥∗ , 𝑦∗ , and 𝑧∗ , respectively, with 𝑥∗ 𝑦∗ 𝑧∗ being the local deformed coordinate. Such follower loads
are considered to ensure the beam undergoes a three-dimensional deformation. Calculating the components of the follower loads in
the undeformed coordinate 𝑥𝑦𝑧, their virtual work can be formulated as
{[
𝐿
(
)
𝛿𝑓 (𝑡) =
𝑓1 cos 𝜃 cos 𝜓 + 𝑓2 − cos 𝜑 sin 𝜓 + sin 𝜑 sin 𝜃 cos 𝜓
∫0
]
(
)
+ 𝑓3 sin 𝜑 sin 𝜓 + cos 𝜑 sin 𝜃 cos 𝜓
𝛿𝐷 (𝑠 − 𝐿)𝛿𝑢
[
(
)
+ 𝑓1 cos 𝜃 sin 𝜓 + 𝑓2 cos 𝜑 cos 𝜓 + sin 𝜑 sin 𝜃 sin 𝜓
(19)
]
(
)
+ 𝑓3 − sin 𝜑 cos 𝜓 + cos 𝜑 sin 𝜃 sin 𝜓
𝛿𝐷 (𝑠 − 𝐿)𝛿𝑣
}
[
]
+ −𝑓1 sin 𝜃 + 𝑓2 sin 𝜑 cos 𝜃 + 𝑓3 cos 𝜑 cos 𝜃 𝛿𝐷 (𝑠 − 𝐿)𝛿𝑤

d𝑠,

where 𝛿𝐷 indicates the Dirac delta function. Substituting for 𝛿𝑢, 𝛿𝑣, and 𝛿𝑤 using Eq. (2), and inserting Eq. (19) into extended
Hamilton’s principle leads to additional terms for Eqs. (11) and (12). Transforming these terms into dimensionless form, the following
terms need to be added to the Eqs. (15) and (16), respectively
1

𝛿𝜓 ∶

cos 𝜃 sin 𝜓

𝛿𝜃 ∶

sin 𝜃 cos 𝜓

1

𝑓𝑢 𝛿𝐷 (𝑠∗ − 1)d𝑠∗ − cos 𝜃 cos 𝜓

∫𝑠̃

∫𝑠̃

1

∫𝑠̃

𝑓𝑣 𝛿𝐷 (𝑠∗ − 1)d𝑠∗ ,

1

𝑓𝑢 𝛿𝐷 (𝑠∗ − 1)d𝑠∗ + sin 𝜃 sin 𝜓

∫𝑠̃

𝑓𝑣 𝛿𝐷 (𝑠∗ − 1)d𝑠∗

1

+ cos 𝜃

∫𝑠̃

𝑓𝑤 𝛿𝐷 (𝑠∗ − 1)d𝑠∗ ,
8

(20)
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Fig. 5. Frequency–amplitude diagrams of the cantilevered beam showing (a, b) the maximum tip transverse motions in 𝑦 and 𝑧 directions, respectively, and
(c) the minimum tip longitudinal motion. [
] Stable periodic solution, [
] unstable periodic solution. Squares and circles denote torus bifurcations and
branch points, respectively. 𝑎𝑦 = 0.30.

in which
(
)
(
)
𝑓𝑢 = 𝑓̃1 cos 𝜃 cos 𝜓 + 𝑓̃2 − cos 𝜑 sin 𝜓 + sin 𝜑 sin 𝜃 cos 𝜓 + 𝑓̃3 sin 𝜑 sin 𝜓 + cos 𝜑 sin 𝜃 cos 𝜓 ,
(
)
(
)
𝑓𝑣 = 𝑓̃1 cos 𝜃 sin 𝜓 + 𝑓̃2 cos 𝜑 cos 𝜓 + sin 𝜑 sin 𝜃 sin 𝜓 + 𝑓̃3 − sin 𝜑 cos 𝜓 + cos 𝜑 sin 𝜃 sin 𝜓 ,
𝑓𝑤 = −𝑓̃1 sin 𝜃 + 𝑓̃2 sin 𝜑 cos 𝜃 + 𝑓̃3 cos 𝜑 cos 𝜃,

(21)

where 𝑓̃𝑖 = 𝑓𝑖 𝐿2 ∕𝐸𝐼𝑧 (𝑖 = 1, 2, 3). This exact model is then discretised following the procedure outlined in Section 3.
The 3D nonlinear static finite element (FE) analysis [45,46] is conducted via Abaqus/CAE, using the 8-node quadrilateral
continuum shell element with reduced integration. A cantilever with the following dimensions is considered: 𝐿 = 200 mm, ℎ = 0.5
mm, and 𝑏 = 6 mm. The nonlinear static deformation of the cantilever is obtained via the FE model as well as the geometrically exact
model. The results are reported in dimensionless form, i.e. dimensionless force 𝑓𝑑 which is related to 𝑓̃1 , 𝑓̃2 , and 𝑓̃3 via 𝑓̃1 = 𝑓̃2 = 𝑓𝑑
and 𝑓̃3 = 𝑓𝑑 ∕4, and dimensionless displacements 𝑢𝑑 = 𝑢∕𝐿, 𝑣𝑑 = 𝑣∕𝐿, and 𝑤𝑑 = 𝑤∕𝐿.
Another note that should be made here is that, since the cantilever cross-section is non-circular for the static verification case,
𝐼𝑥 is not equal to 𝐼𝑦 + 𝐼𝑧 . Hence, the following formulation for a rectangular cross-section of width 𝑏 and thickness ℎ is used to
9
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Fig. 6. Three-dimensional frequency–amplitude diagram of the system of Fig. 5 showing regions of 2D and 3D motion. [
unstable periodic solution. Squares and circles denote torus bifurcations and branch points, respectively.

] Stable periodic solution, [

]

Fig. 7. Detailed dynamical response of the system of Fig. 5 at 𝛺𝑦 ∕𝜔1 = 1.0308 (peak amplitude at 2D motion region). (a, b) Time histories of 𝑣𝑑 and 𝜓 in one
period of oscillation, respectively (𝑡𝑛 : time normalised relative to oscillation period). (c–f) Snapshots of the oscillation of the cantilever at points I–IV, respectively.

calculate 𝐼𝑥 [47]
𝐼𝑥 =

1 3
𝑏ℎ
3

(
1−

∞
(2𝑛 − 1)𝜋𝑏
192ℎ ∑
1
tanh
5
2ℎ
𝜋 𝑏 𝑛=1 (2𝑛 − 1)5

)
(22)

,
10
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Fig. 8. Dynamical response of the system of Fig. 5 at various oscillation frequencies (3D region). (a) Out-of-plane transverse motion frequency–amplitude
diagram. (b–g) 3D oscillations of the cantilever at points I–VI, respectively.

11
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Fig. 8. (continued).

while retaining sufficient terms to ensure a converged value for 𝐼𝑥 .
The FE results at 𝑓𝑑 = 6 and 𝑓𝑑 = 9 are shown in Fig. 2, highlighting the extreme 3D deformation of the cantilever. To compare
the FE results to those obtained by the geometrically exact model, the displacements of the tip of the cantilever in the 𝑥, 𝑦, and 𝑧
directions are calculated by the two models and plotted in Fig. 3. It is seen that the static deflections predicted by the geometrically
exact model are very close to those obtained by the nonlinear 3D FE model even at extremely large 3D deflections, which verifies
the accuracy of the proposed exact model.
Next, a comparison is conducted between the proposed 3D exact model and the 2D exact model in Ref. [29], and the result is
shown in Fig. 4. This comparison is conducted to verify the accuracy of the proposed model for the case of 2D motions of extremely
large amplitude. The reason for comparing to a 2D model is that, to the authors’ best knowledge, there is currently no 3D exact
model of a cantilever available in the literature, and the present study is the first to propose one. The system parameters are set to
those used in Ref. [29]. Furthermore, 𝛽2 is set to 10 in the 3D model to ensure that the cantilever motion remains in the 2D regime.
As seen in Fig. 4, the proposed model predicts the same primary resonance response as the 2D exact model in Ref. [29], which
verifies the accuracy of the proposed model in capturing extremely large oscillations.
5. Results and discussion
In this section, extensive numerical results are presented and the three-dimensional exact nonlinear dynamics of the cantilever
is examined and discussed in detail. For all the cases examined in this section, it is assumed that the cantilever has a circular
cross-section, and unless otherwise specified, the following values are used: 𝛽1 = 0.77, 𝛽2 = 1, 𝜒 = 5.0e−7, and 𝜂𝑑 = 0.004. Similar to
the previous section, the results are presented in terms dimensionless displacements, namely 𝑢𝑑 = 𝑢∕𝐿, 𝑣𝑑 = 𝑣∕𝐿, and 𝑤𝑑 = 𝑤∕𝐿.
Additionally, 𝜔1 represents the first dimensionless natural frequency of the cantilever which is related to its dimensional counterpart
𝜔̄ 1 via 𝜔1 = 𝜔̄ 1 𝑇 . Furthermore, 𝑥𝑑 , 𝑦𝑑 , and 𝑧𝑑 represent the dimensionless coordinates (with respect to 𝐿) associated with the
undeformed geometry.
Fig. 5 shows the nonlinear frequency–amplitude diagrams of the cantilever in the primary resonance region for the case when
𝑎𝑦 = 0.30. It is seen that even though the cantilever is being excited only in the 𝑦 direction (i.e. in-plane transverse direction),
due to presence of one-to-one internal resonances between the in-plane and out-of-plane transverse modes, bifurcation points occur
which give rise to out-of-plane transverse motion. It should be noted that these bifurcation points (here referred to as branch points,
and shown by circles on the diagrams) only appear at sufficiently large base-acceleration amplitudes. In other words, for relatively
small values of 𝑎𝑦 , the motion remains planar (i.e. two-dimensional). As seen, the cantilever displays weakly hardening nonlinear
behaviour in regions of planar 2D motion; however, the hardening nonlinearity is much stronger when the beam is undergoing
three-dimensional motion. As seen, the cantilever undergoes oscillations of extremely large amplitude. In particular, in the 2D
region, the cantilever reaches a maximum transverse amplitude of 0.86, after which a saddle–node bifurcation occurs rendering the
system unstable and causing a jump to lower-energy branch. In the 3D resonance region, the in-plane and out-of-plane transverse
motions reach a similar maximum amplitude of 0.71 at 𝛺𝑦 ∕𝜔1 = 1.38, which corresponds to the occurrence of another saddle–node
bifurcation.
In order to better illustrate the 2D and 3D motion regions, the 3D frequency–amplitude plot of the cantilever is constructed in
Fig. 6. This figure shows the maximum in-plane and out-of-plane transverse amplitudes as a function of the base-excitation frequency
ratio. The figure clearly shows the branch points that give rise to 3D motion as well as regions of 2D and 3D motion.
12
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Fig. 9. Frequency–amplitude diagrams of the cantilevered beam for several base-acceleration amplitudes. (a) Three-dimensional diagram; (b, c) transverse motions
] Stable periodic solution, [
] unstable periodic solution.
in the 𝑦 and 𝑧 directions, respectively. [

One of the key features of the proposed 3D geometrically exact cantilever model is its capability of capturing extremely large
oscillations. To better illustrate this, Figs. 7 and 8 are constructed showing the extreme vibrations of the cantilever in regions of 2D
and 3D motion. More specifically, Fig. 7(a, b) show the time histories of the in-plane transverse motion 𝑣𝑑 and centreline rotation
𝜓 for the tip of the cantilever in one period of oscillation at peak amplitude of the 2D motion region at 𝛺𝑦 ∕𝜔1 = 1.0308. Snapshots
of the state of the cantilever at points I–IV are shown in sub-figures (c)–(f), respectively, by a red line, while showing the oscillation
range in one period by light grey lines. It is seen that slope of the tip, i.e. 𝜓, reaches its maximum at I; however, that does not
corresponds to maximum in-plane tip transverse oscillation amplitude. This is due to the fact the cantilever oscillation is so large
that the tip of the cantilever bends backwards. As a result, the in-plane tip transverse amplitude increases initially until reaching a
maximum (at II) and then decreases due to tip bending backwards.
The detailed 3D oscillations of the cantilever in one period at various frequencies are shown in Fig. 8. To better show the changes
in the in-plane and out-of-plane transverse amplitudes of the 3D motion as the frequency of the base-excitation is increased, Fig. 5(a)
is shown here again in sub-figure (a), on which six points are highlighted. The 3D oscillations at these points are then plotted in
subsequent sub-figures. As can be seen, at smaller frequency ratios (i.e. cases I–III), the out-of-plane transverse motion amplitude is
larger than the in-plane one, hence the tip motion path creating an oval shape. At larger frequency ratios, on the other hand, the
difference between the in-plane and out-of-plane transverse motion amplitudes decreases, hence the tip creates a circular path.
The effect of the base-acceleration amplitude on the 3D primary resonance response of the cantilever is illustrated in Fig. 9.
The figure shows that, at relatively small base-acceleration amplitudes, i.e. 𝑎𝑦 = 0.02, no branch points occur and hence the motion
stays 2D in the primary resonance region. In other words, a base-excitation in the 𝑦 direction will lead to oscillation only in the
13
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Fig. 10. Base-acceleration-amplitude diagrams of the cantilevered beam showing the tip oscillation amplitudes at 𝛺𝑦 ∕𝜔1 = 1.02 for (a, b) transverse motions in
the 𝑦 and 𝑧 directions, respectively, and (c) longitudinal motion. [
] Stable periodic solution, [
] unstable periodic solution. Squares and circles denote
torus bifurcations and branch points, respectively.

𝑦 direction if the base-acceleration amplitude is sufficiently small. However, at larger base-acceleration amplitudes, out-of-plane
transverse motion branches emerge, resulting in 3D oscillations, even though the excitation is in the 𝑦 direction.
Fig. 10 shows the maximum oscillation amplitudes of the cantilever at 𝛺𝑦 ∕𝜔1 = 1.02 versus the base-acceleration magnitude. The
figure shows that as the base acceleration is increased from 0, two bifurcations occur at points denoted by circles (corresponding to
𝑎𝑦 = 0.0784 and 0.1524), which renders the planar motion unstable and leads to a three-dimensional motion. As shown in Fig. 10(b),
new out-of-plane solution branches emerge from these bifurcation points. In the 3D motion region, two saddle–node bifurcations
occur at 𝑎𝑦 = 0.0502 and 0.5903, with two torus bifurcations in between, denoted by squares. To better show the 2D and 3D regions
of motion as the base acceleration is increased, Fig. 11 is constructed which illustrates the three-dimensional base-acceleration
response of the system of Fig. 10.
The three-dimensional diagram of the maximum amplitudes of the two transverse motions versus the base-acceleration magnitude
for various excitation frequency ratios (close to primary resonance) is depicted in Fig. 12. The figure reveals that, the saddle–node
bifurcation in the 3D region is shifted to larger base-acceleration magnitudes as the excitation frequency is increased. Furthermore,
the unstable periodic region between the two torus bifurcations in the 3D regime becomes narrower as the excitation frequency
ratio gets closer to 1, and it completely disappears for the case 𝛺𝑦 ∕𝜔1 = 1.006.
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Fig. 11. Three-dimensional base-acceleration-amplitude diagram of the system of Fig. 10 showing regions of 2D and 3D motion. [
[
] unstable periodic solution. Squares and circles denote torus bifurcations and branch points, respectively.

] Stable periodic solution,

Fig. 12. Three-dimensional base-acceleration-amplitude diagram of the cantilevered beam for various excitation frequency ratios (𝛺𝑦 ∕𝜔1 ). [
] unstable periodic solution.
solution, [

] Stable periodic

6. Convergence analysis
In this section, a convergence analysis is conducted to ensure that the employed 18-dof discretised model yields converged results.
The results of the convergence analysis are shown in Fig. 13. Three discretised models are constructed, i.e. 3-, 6-, and 18-dof ones,
and the primary resonance response is obtained for each case using the same parameters as in the case of Fig. 5. For each discretised
model, the same number of modes are considered for 𝜓, 𝜃, and 𝜙. As seen, the 3-dof model does not give reliable predictions near
the peak oscillation. The 6-dof model gives more reliable predictions, but the result has not yet converged. The 18-dof model used
in this study, on the other hand, gives fully converged results and accurate predictions at any amplitude. It should be noted that
the results for a 12-dof discretised model were also obtained but not shown here so that figures are more visible.
7. Comparison to the third-order nonlinear model
In this section, the proposed exact model’s predictions are compared to those of the nonlinear third-order model of a cantilever
developed by Nayfeh and Pai [43] to examine the limitations of a truncated model. Since the third-order model in Ref. [43] uses a
15
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Fig. 13. Convergence analysis of the geometrically exact model, showing the frequency–amplitude diagrams for displacements and rotations based on three
discretised models, i.e. a 3-dof, a 6-dof, and an 18-dof model. (a, b) the in-plane and out-of-plane tip transverse displacements, respectively, (c) tip longitudinal
displacement, and (d, e) in-plane and out-of-plane rotations, respectively. [
] Stable periodic solution, [
] unstable periodic solution.
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Fig. 14. Comparison between the third-order nonlinear model and the proposed geometrically exact model. The in-plane and out-of-plane transverse motion at
(a, b) 𝑎𝑦 = 0.02, (c, d) 𝑎𝑦 = 0.05, and (e, f) 𝑎𝑦 = 0.20. [
] Stable periodic solution, [
] unstable periodic solution.
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linear viscous damping model, rather than a viscoelastic formulation, the corresponding terms for a linear viscous damping model
are added to the model proposed in this study and the material viscosity is set to zero. For both models, the damping ratio 𝜁 is set
to 0.007. The rest of the system parameters are kept the same as those of the case of Fig. 5. Furthermore, 12 degrees of freedom are
retained in the discretised of the third-order model, i.e. by retaining 6 modes for each transverse motion, which ensures converged
results.
The 3D response of the cantilever in the primary resonance region is examined using the proposed geometrically exact model
as well as the third-order nonlinear model. The detailed comparison between the exact and 3rd-order models is shown in Fig. 14.
To better illustrate the differences between the two models, the frequency–amplitude diagrams are constructed for three different
values of the base acceleration, i.e. 𝑎𝑦 = 0.02, 0.05, and 0.20. As seen in sub-figures (a, b), at a relatively small base acceleration
magnitude of 0.02, the exact and third-order models predict virtually the same results; additionally, for this case, both models
predict a 2D motion with the out-of-plane transverse motion amplitude remaining at 0 in the whole primary resonance region. By
increasing 𝑎𝑦 to 0.05, slight differences between the two model start to appear. For this value of 𝑎𝑦 , the third-order nonlinear model
still performs well in capturing the response of the cantilever, which is due to the fact that the cantilever oscillation amplitude
is not too large. As the base acceleration magnitude is increased to a relatively large value of 𝑎𝑦 = 0.20, the limitations of the
third-order nonlinear model become very visible. As seen, the third-order model predicts a peak amplitude of around 1.6 for 𝑣𝑑
which implies a displacement of 160% of the length of the beam, which is impossible. Additionally, there are visible differences
between the out-of-plane motion predicted by the third-order model and that obtained by the exact model. Hence, the third-order
nonlinear model works well only for relatively small base acceleration magnitudes. As the base acceleration magnitude is increased
to relatively large values, the third-order model predictions deviate to wrong values, which signifies the importance of the proposed
geometrically exact model. It should be noted that for the case of the third-order model, the geometric nonlinearity tends to generate
a hardening-type nonlinear behaviour while the inertial nonlinearity causes a softening-type nonlinear behaviour [48]. When both
are considered (which is the case here), the hardening behaviour is almost cancelled out by the softening behaviour, and hence the
reason why the third-order model shows a linear-like behaviour in the 2D resonance region.
8. Concluding remarks
This study examined the extremely large-amplitude three-dimensional dynamics of cantilevers based on a new geometrically
exact model. To this end, the equations of motion were derived for three Euler angles of the cantilever centreline while keeping
all terms exact, which allows for accurate predictions of oscillations of extremely large amplitudes. Utilising the Galerkin method,
the discretised equations of motion were obtained while ensuring that all terms are kept intact. The resultant high-dimensional
discretised model was solved through use of a continuation technique.
The accuracy of the proposed model for both 2D and 3D cases was verified by comparison to an exact 2D model in the literature
and to a 3D nonlinear finite element model, respectively. Additionally, a convergence analysis showed that low-dimensional models
do not yield accurate and converged results; the 18-dof model used in this study, on the other hand, ensures converged results even
at large base acceleration magnitudes.
The limitations of the third-order 3D nonlinear model was examined by comparing the frequency–amplitude diagrams obtained
by the third-order model at different base acceleration magnitudes to those obtained via the proposed geometrically exact model.
It was shown that although the third-order model works well for relatively small base accelerations, it loses accuracy as the base
acceleration is increased to larger magnitudes.
It was shown that a base excitation in the 𝑦 direction gives rise to both in-plane and out-of-plane transverse motions, due to
presence of one-to-one internal resonances between the in-plane and out-of-plane transverse modes. However, this behaviour is
observed only at sufficiently large base-acceleration magnitudes. In other words, for small enough base accelerations, an excitation in
the 𝑦 direction leads to oscillation only in the 𝑦 direction, while at larger base-acceleration amplitudes, out-of-plane transverse motion
branches emerge, resulting in 3D oscillations. Furthermore, it was shown that at relatively large base acceleration magnitudes,
the cantilever oscillation amplitude grows so large that the tip of the cantilever bends backwards. Examining the large-amplitude
oscillations in the 3D region showed that the tip of the cantilever creates an oval path at excitation frequencies close to the natural
frequency, while the path changes to circular at larger excitation frequencies.
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