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i n f o

a b s t r a c t
One extraordinary phenomenon exhibited by phononic crystals (PnCs) is that they can manipulate oblique incident waves in a target direction via proper refraction, commonly called wave self-collimation. Although prior
studies have demonstrated self-collimation of electromagnetic and acoustic waves, only a few studies have examined elastic waves in this context. If a PnC is designed to represent rectangular-like and/or parallel-line-like
equi-frequency contour (EFCs), elastic waves can be self-collimated in either horizontal or vertical directions.
However, in the existing literature, there is no theoretical rationale for realizing rectangular-like and/or parallelline-like EFCs; besides, broadband self-collimation of elastic waves has not yet been explored. Therefore, we
propose to derive the material property requirement for an anisotropic PnC to exhibit rectangular-like EFCs (a
range of low frequencies) and parallel-line-like EFCs (a range of high frequencies) in the case of elastic waves.
Furthermore, by inherently adjoining two frequency ranges of the rectangular-like and parallel-line-like EFCs at a
certain frequency, broadband self-collimation covering the entire range of frequencies can be achieved. With the
designed anisotropic PnC that fulﬁlls the proposed material property requirement, self-collimation for S0 Lamb
waves is numerically simulated and experimentally demonstrated over a broad range of frequencies.

1. Introduction
A phononic crystal (PnC) is an engineered structure that consists
of periodically arranged unit cells to exhibit properties beyond what is
available in ordinary materials [1–10]. One extraordinary phenomenon
of PnCs is their ability to manipulate any oblique incident waves in a
target direction, so-called wave self-collimation [11–15]. One principle
of self-collimation is to control the directions of energy transport in an
equi-frequency contour (EFC). An EFC is a constant-frequency contour
of three-dimensional dispersion curves, as shown in Fig. 1 (a), which
can quantify the directions of both wave vectors and the polarization
vectors within a medium [16,17]. In Fig. 1 (b), the vector kw from the
origin to the EFC represents the direction along which the wavefront is
propagated, and the normal vector ke of the EFC represents the direction along which wave energy is transported [18]. If a PnC is designed
to exhibit rectangular-like or parallel-line-like EFCs, wave energy will
be transported in either horizontal or vertical directions, thus enabling
self-collimation.
In the case of electromagnetic waves, Chigrin et al. [19] presented
self-collimated light beams at narrowband frequencies near a band gap.
∗
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Prather et al. [20] organized several potential engineering applications
of self-collimation, including a channel-less waveguide, a tunable splitter, an optical switch, and an all-optical analog-to-digital converter. Li
et al. [21] proposed a gyromagnetic unit cell to achieve one-way selfcollimation. For acoustic waves, Li et al. [22] and Wen et al. [23] examined acoustic beam splitting and acoustic directional radiation using self-collimation, respectively. Shi et al. [24] doubled the frequency
bandwidth of acoustic self-collimation using a sequential series of PnCs
with the same period but a diﬀerent ﬁlling fraction. However, only a
few studies have been presented for the case of elastic waves; this is
due to a complex tensor form of their governing equation. Liu et al.
[25] investigated self-collimation under transverse elastic waves. Park
et al. [26] executed topology optimization of a PnC for ﬂattening the
curvature of a rectangular-like EFC at a certain frequency. Cheng et al.
[27] proposed a new design of a PnC composed of auxetic star-shaped
honeycomb structures for self-collimation.
With respect to self-collimation of elastic waves in a PnC, two questions of importance can be posed: (1) how can a PnC be designed to
have rectangular-like and/or parallel-line-like EFCs? and (2) how can
elastic waves be self-collimated at broadband frequencies? To answer
these questions, we newly propose material property requirement for
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Fig. 1. Concept of EFCs for a nondispersive wave mode: (a) constant-frequency contours in three-dimensional dispersion curves; (b) wavefront vector kw and energy
transport vector ke .

an anisotropic PnC to exhibit broadband self-collimation in the case of
longitudinal elastic waves (e.g., S0 Lamb waves in a thin plate case).
There have been several eﬀorts on elastic wave propagation in PnCs
with asymmetric lattices that possess anisotropic properties [28–32].
Our primary interest is to fundamentally examine eﬀective material
properties required for achieving self-collimation in EFC analysis and
to thoroughly investigate the broadband self-collimation capabilities of
the designed anisotropic PnC that satisﬁes the proposed material property requirement. Finally, self-collimation for S0 Lamb waves is experimentally demonstrated at broadband frequencies. This study provides
insightful theoretical rationale for anisotropic PnCs to realize the broadband self-collimation for elastic waves.
The rest of this paper is organized into the following sections. Section 2 describes the material property requirement for selfcollimation of S0 Lamb waves. Section 3 presents EFC analysis of
the anisotropic PnC that satisﬁes the proposed material property requirement. Numerical simulations and experiments examining selfcollimation performance of the anisotropic PnC are demonstrated at
broadband frequencies in Section 4. Finally, the conclusions of this work
are provided in Section 5.

2. Proposed material property requirement for self-collimation of
S0 Lamb waves
If the lattice constant of a unit cell is much smaller than the wavelength of the elastic waves propagating through a host plate, a PnC
equivalently behaves as an eﬀective medium (a homogeneous solid)
[33,34]. In this work, a term ’eﬀective’ has the same meaning with a
term ’homogenized’. Under the assumption of plane harmonic wave motions at an angular frequency 𝜔, the governing equation for elastic waves
in a homogeneous solid, the so-called Christoﬀel equation [18], is as follows:
ef f
𝐶𝑖𝑗𝑘𝑙
𝑘𝑗 𝑘𝑙 𝑉𝑘 = 𝜌ef f 𝜔2 𝑉𝑖

(1)

where ki and Vi denote a component of a wave vector k and a particle
ef f are the
velocity vector V in the i-th direction, respectively; 𝜌eﬀ and 𝐶𝑖𝑗𝑘𝑙
density and the fourth-order tensor of elastic constants of the eﬀective
medium, respectively. Here, the 6 × 6 second-order tensor form of the
elastic constants, written in Voigt notation, would be used instead [35].
When the eﬀective medium is symmetric with respect to its principal
axes (x1 - and x2 -axes in this study), the longitudinal-transverse mode
ef f and 𝐶 ef f will be zero [16,36]. For a thin plate
coupling constants of 𝐶16
26
with plane stress conditions, Christoﬀel equation can be rewritten as

follows:
([ ef f 2
2
ef f
(𝐶11ef𝑘f 1 +ef𝐶f66
) 𝑘2
𝐶12 + 𝐶66 𝑘1 𝑘2

( ef f
)
] [ ef f 2
ef f
𝐶12 + 𝐶66
𝑘1 𝑘2
𝜌 𝜔
−
ef f
ef f
0
𝐶66
𝑘1 2 + 𝐶22
𝑘2 2

0
𝜌ef f 𝜔2

])[ ] [ ]
𝑉1
0
=
𝑉2
0

(2)
In terms of |k|, cos𝜃, and sin𝜃, Eq. (2) can be rewritten as follow:
(

[ ef f 2
ef f
𝐶 cos 𝜃 + 𝐶66
sin2 𝜃
)
|𝐤| ( 11
ef f
ef f
𝐶12 + 𝐶66 cos 𝜃 sin 𝜃
[ ] [ ]
𝑉1
0
×
=
𝑉2
0

( ef f
)
] [ ef f 2
ef f
𝐶12 + 𝐶66
cos 𝜃 sin 𝜃
𝜌 𝜔
−
2
ef f
ef f
2
0
𝐶66 cos 𝜃 + 𝐶22 sin 𝜃

0
𝜌 𝜔2

])

ef f

(3)

where |k| is the magnitude of the wave vector k, calculated by
(k1 2 +k2 2 )1/2 ; k1 and k2 can be expressed as |k|cos𝜃 and |k|sin𝜃, respectively. Once both eﬀective elastic moduli and the angular frequency 𝜔
are determined, the zero determinant in Eq. (3) provides two solutions
of |k| for a certain 𝜃 that ranges from zero to 2𝜋. Each of the solutions
corresponds to S0 and A0 Lamb wave modes for a thin plate case, respectively. Then, k1 and k2 can be obtained for the given 𝜃. Finally, a
EFC can be deﬁned as a function of k1 and k2 , as shown in Fig. 1. In
general, an isotropic material exhibits a purely circular EFC .
ef f , 𝐶 ef f , 𝐶 ef f , and 𝐶 ef f satisfy the followIf the elastic constants of 𝐶11
22
12
66
ing relationship:
ef f
ef f
ef f
ef f
𝐶11
> 𝐶22
≫ 𝐶12
, 𝐶66

(4)

solutions of the zero determinant in Eq. (3) can be approximately decomposed into two decoupled equations of standard ellipses centered at the
origin; thereby, EFCs can be regarded as a superposition of two ellipses.
Note that a major axis of one ellipse is parallel to the x1 -axis and that of
the other is vertical to the x1 -axis. In both ellipses, polarized vectors at
the wavefront follow S0 Lamb waves around the minor axis, while they
follow A0 Lamb waves around the major axis. It is worth pointing out
that the ellipses around the minor axis can be regarded as ﬂat lines in
a certain range of directions, due to their considerably small curvature.
Since four ﬂat lines near the two minor axes in each ellipse meet at the
four angular points, a rectangular-like EFC can be obtained for S0 Lamb
waves. As an example, Fig. 2 (a) shows a rectangular-like EFC (colored
in blue) for S0 Lamb waves, that satisﬁes the material property requirement in Eq. (4). In particular, the four sides of the rectangular-like EFC
ef f and 𝐶 ef f to 𝐶 ef f and 𝐶 ef f
tend to be more ﬂattened as the ratio of 𝐶11
22
66
12
increases.
On the other hand, if the PnC, which satisﬁes the proposed material
ef f >𝐶 ef f , exhibits a partial band gap in the
property requirement of 𝐶11
22
x2 -axis, the upper and lower edges in its rectangular-like EFC would
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Fig. 2. The formation of (a) rectangular-like and (b) parallel-line-like EFCs for the case of S0 Lamb waves, when satisfying the proposed material property requirement;
and (c) a scheme to achieve broadband self-collimation.

not be observed. This is because a partial band gap represents the nonreal wave vectors [37,38]. A partial band gap refers to an extraordinary
phenomenon where elastic waves cannot be propagated through PnCs
in a certain incident direction [39,40]. From the viewpoint of EFCs, the
partial band gap can be deﬁned as a frequency range in which the EFCs
are not closed in a speciﬁc certain direction [41]. Therefore, a parallelline-like EFC can be obtained in the x1 -axis, as shown in Fig. 2 (b).
When a PnC is designed to satisfy the proposed material property
requirement in Eq. (4), it can be seen in Fig. 2 (c) that the rectangularlike EFCs would be observed over a closed interval of low frequencies
(𝜔a ≤ 𝜔 ≤ 𝜔ad ). As the frequency increases, both the length and width
of the rectangular-like EFCs increase with the wavenumber. If the upper and lower edges of the rectangular-like EFCs meet the borders of
the ﬁrst Brillouin zone at the certain frequency 𝜔ad , the rectangular-like
EFCs are transformed into the parallel-line-like EFCs over a half-open
interval of high frequencies (𝜔ad < 𝜔 ≤ 𝜔b ). With the proposed material property requirement, the frequency ranges of rectangular-like and
parallel-line-like EFCs are thus inherently adjoined at the frequency 𝜔ad
as shown in Fig. 2 (c). Finally, broadband self-collimation covering the
entire ranges (𝜔a ≤ 𝜔 ≤ 𝜔b ) can be achieved for S0 Lamb waves by
adjoining these two kinds of EFCs at 𝜔ad . If one wants to realize broadband self-collimation by exploiting only the rectangular-like EFCs, the
lattice constant of the unit cell needs to be much smaller to broaden
the frequency range of the rectangular-like EFCs. However, due to the
manufacturability of the PnC, it is impractical to make the unit cell extremely small. Therefore, the idea of adjoining frequency ranges of the
rectangular-like and parallel-line-like EFCs enables to achieve broadband self-collimation with a macro-scale unit cell.
3. EFC analysis for the anisotropic PnC satisfying the proposed
material property requirement
3.1. Design and eﬀective material properties for the anisotropic PnC
The unit cell under consideration, shown in Fig. 3 (a), is composed of
an aluminum square lattice with a rectangular hole at its center. Design
variables of the unit cell include: the lattice constant d, the thickness
t, the width w, and the height h of the rectangular hole, respectively.
Table 1 summarizes both the geometry of the unit cell and material
properties of the aluminum.
It should be noted that the eﬀective longitudinal elastic constants of
ef f and 𝐶 ef f will be diﬀerent, since the rectangular hole is not symmet𝐶11
22
ric with respect to diagonal lines. This implies that the PnC will posses
anisotropic eﬀective material properties, even though the aluminum itself is an isotropic material.
Several research eﬀorts have been made to characterize eﬀective
material properties of anisotropic PnCs [42–46]. Among them, static
analysis can be performed since the unit cell has nothing to do with

Table 1
Geometry of the unit cell and material properties of the aluminum.
Geometry

Material
properties
(Aluminum)

Lattice constant, d
Thickness, t
Width of the rectangular hole, w
Height of the rectangular hole, h
Density, 𝜌al
Young’s modulus, Yal
Poisson’s ratio, 𝜈 al

9 mm
5 mm
8 mm
3 mm
2700 kg/m3
70 GPa
0.33

Table 2
Eﬀective material properties of the anisotropic PnC.
Eﬀective material properties
Density
Elastic constants

𝜌ef f
ef f
𝐶11
ef f
𝐶22
ef f
𝐶12
ef f
𝐶66

Anisotropic PnC
1900 kg/m3
47.5 GPa
12.6 GPa
2.38 GPa
1.54 GPa

any resonant structure and no impact on longitudinal-transverse mode
coupling [16,36,47]. The eﬀective density can be calculated by 𝜌al (d2 wh)/d2 . Eﬀective elastic constants can be calculated by the stress-strain
ef f , 𝐶 ef f , and 𝐶 ef f govern the longitudinal deformations,
relationship; 𝐶11
22
12
ef f governs the transverse deformation.
while the remaining 𝐶66
A commercially available ﬁnite element analysis (FEA) software,
COMSOL Multiphysics 5.4, was used for all analyses in numerical simulations. A loss factor of the structure is set as 0.0001 [48]. For a 3 × 3
array of unit cells, Fig. 3 (b) and (c) show deforming behaviors of the
array under tensile forces H and V in the x1 - and x2 -axes, respectively.
Since the unit cell is periodically arranged in the x1 - and x2 -axes, respectively, periodic boundary conditions (PBCs) can be employed on
interfaces among adjacent unit cells, according to Floquet-Bloch theorem [49,50]. Fig. 3 (d) shows deforming behaviors of the array under a
shear force S in the x1 -axis, while PBCs are applied in the x2 -axis and
zero displacements in the x1 -axis are employed at both left and right
ends of the structure. Magnitudes of the tensile forces H and V and the
shear force S are the same, denoted as F.
ef f and 𝐶 ef f can be estimated from the
The elastic constants of 𝐶11
22
Hooke’s law F/(𝛿 1 t) and F/(𝛿 2 t), where 𝛿 1 and 𝛿 2 are the average elongations in the x1 - and x2 -axes at load-acting surfaces in Fig. 3 (b) and
ef f can be estimated from
(c), respectively. The elastic constant of 𝐶12
ef f 𝐹 PBC ∕𝐹 (or 𝐶 ef f 𝐹 PBC ∕𝐹 ) in Fig. 3 (b) (or (c)) where 𝐹 PBC and
𝐶11
22
22 11
22
PBC are average reaction forces outward normal directions at PBCs
𝐹11
ef f
in Fig. 3 (b) and (c), respectively. Likewise, the elastic constant of 𝐶66
can be estimated from 2F/(u2 t), where u2 is an average displacement in
the x2 -axis at load-acting surfaces.
Table 2 summarizes the estimated eﬀective material properties of
ef f and 𝐶 ef f are 19.9 times and
the anisotropic PnC. It can be seen that 𝐶11
22
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Fig. 3. Static analysis and EFC analysis for the unit cell: (a) a top view of the unit cell; static deforming behaviors under (b) a tensile force H in the x1 -axis (𝐶11
and
ef f
ef f
ef f
ef f
𝐶12
); (c) a tensile force V in the x2 -axis (𝐶22
and 𝐶12
); (d) a shear force S in the x1 -axis (𝐶66
); (e) the formation of rectangular-like and parallel-line-like EFCs from
0 kHz to 220 kHz; and (f) the formation of the partial band gap from 93 kHz to 220 kHz in dispersion curves.

ef f , respectively, while they are 30.8 times and
5.29 times larger than 𝐶12
ef f , respectively. It is known that the eﬀective
8.19 times larger than 𝐶66
medium theory is generally based on the long-wavelength limit. However, since all eﬀective material properties tend to gradually decrease
together as the frequency increases [16], the Eq. (4) is still applicable
at higher frequencies. Therefore, the anisotropic PnC can thus fulﬁll the
proposed material property requirement over broadband frequencies,
thereby enabling broadband self-collimation of elastic waves.

3.2. EFCs of the anisotropic PnC
By inserting the PBCs into the governing equation of the unit cell, an
eigenvalue problem can be formulated as follows [51–53]:
(
)
(5)
[𝐊] + 𝑖𝜔[𝐂] − 𝜔2 [𝐌] {𝐮} = 𝟎
where [M] and [u] are the mass matrix and the displacement vector,
respectively. [C] and [K] are the damping and the stiﬀness matrices,
which are functions of the reciprocal wave vector k(k1 , k2 ). At a certain
angular frequency 𝜔, the EFC can be obtained by calculating a set of
reciprocal wave vectors, which should be within a range from -𝜋/d to
𝜋/d.
At frequencies ranging from 0 kHz to 250 kHz, Fig. 3 (e) presents
the EFCs of S0 Lamb waves. In addition, for the purpose of investigating the formation of the partial band gap, Fig. 3 (f) depicts dispersion
curves of the unit cell along some borderlines (Y→Γ→X) of the ﬁrst Brillouin zone [54], respectively; solid lines with blue and back indicate
the band structures of S0 mode and A0 mode, respectively. It is found
that the anisotropic PnC presents retangular-like EFCs at low broadband

frequencies, ranging from 0 kHz to 93 kHz, due to the proposed material property requirement. Further, since a partial band gap is created
in the x2 -axis from 93 kHz to 220 kHz as shown in Fig. 3 (f), the upper
and lower edges of the rectangular-like EFCs disappear. Therefore, the
anisotropic PnC exhibitsparallel-line-like EFCs at high broadband frequencies, ranging from 93 kHz to 220 kHz, due to the combined eﬀects
of the partial band gap in the x2 -axis and the proposed material property requirement. Here, it should be noted that whether S0 Lamb waves
can be self-collimated along the x1 -axis depends on the incidence angle;
a detailed explanation is provided in Appendix A.
The unit cell under consideration is a non-resonant type PnC. Unlike
a resonant type metamaterial [30,55,56], which is designed for a certain
target frequency, it is well known that a non-resonant type PnC is capable of exhibiting nearly constant eﬀective material properties in a wide
range of frequencies [36,46,57]. Therefore, the anisotropic PnC satiﬁes
the material property requirement at broadband frequencies and is capable of obtaining rectangular-like and parallel-line-like EFCs at each wide
range of frequencies. In addition, it is worth pointing out that inherently
adjoining two ranges of frequencies near 93 kHz enables realization of
broadband self-collimation for S0 Lamb waves from 0 kHz to 220 kHz.
4. Demonstration of broadband self-collimation of S0 Lamb waves
4.1. Numerical simulation
Fig. 4 (a) shows a large aluminum plate with a 25 × 41 array of
unit cells deployed near the center of it; the width and the height of the
anisotropic PnC domain are 225 mm and 369 mm, respectively. This
study performed transient analysis to numerically investigate broadband
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Fig. 4. FEA simulations for transient analysis: (a) system conﬁguration; out-of-plane velocity ﬁelds of the structure at frequencies of (b) 60 kHz; (c) 70 kHz; (d) 80
kHz; (e) 100 kHz; (f) 150 kHz; and (g) 200 kHz.

self-collimation of S0 Lamb waves. To excite the oblique S0 Lamb waves
into the anisotropic PnC domain, a line source is set to be inclined by
150o with respect to the x1 -axis. S0 Lamb waves are induced by exciting
the line source by 16 cycles of sinusoidal bursts in the normal direction
with a prescribed velocity of 10 mm/s, regardless of the exciting frequency.
To investigate whether S0 Lamb waves can be self-collimated at each
frequency of rectangular-like and parallel-line-like EFCs, FEA simulation
results are presented at six frequencies, including: 60, 70, and 80 kHz for
the rectangular-like EFCs, and 100, 150, and 200 kHz for the parallelline-like EFCs. Note that the anisotropic PnC can theoretically achieve
self-collimation at arbitrary frequencies below 60 kHz; however, since
the wavelength becomes longer as the frequency becomes lower, we

selected the frequency of 60 kHz as the lowest one for the rectangularlike EFCs, considering the manufacturable volume of the specimen and
the transducer speciﬁcations in the experiments.
Figs. 4 (b) to (g) depict the calculated out-of-plane velocity ﬁelds
at frequencies of 60, 70, 80, 100, 150, and 200 kHz, respectively.
It can be seen in Figs. 4 (b) to (g) that S0 Lamb waves propagate
only along the x1 -axis inside the anisotropic PnC at all frequencies.
Therefore, the capability of the anisotropic PnC for broadband selfcollimation is conﬁrmed through this FEA simulations. In addition, to
validate the broadband self-collimation over a wide range of incidence
angles, numerical simulation results for other incidence angles (i.e., 20o ,
40o , and 50o ) at frequencies of 60 kHz and 200 kHz are presented in
Appendix B.
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Fig. 5. Experimental setup showing the anisotropic PnC domain for self-collimation: (a) overall setup displaying the plate and scanning LDV; (b) close-up view
showing the scan area as well as locations and orientations of piezoelectric line array sources for the S0 Lamb wave excitation; and (c) a view of the anisotropic PnC
domain.
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Fig. 6. Experimentally measured out-of-plane velocity ﬁelds at frequencies of (a) 60 kHz; (b) 70 kHz; (c) 80 kHz; (d) 100 kHz; (e) 150 kHz; and (f) 200 kHz (note
that Figures (a) to (c) were obtained using Source I, while Figures (d) to (f) were obtained using Source II; for a convenient representation, Figures (a) to (c) are
therefore ﬂipped in plotting to be consistent with the orientation of numerical simulations).

When the incident S0 Lamb waves are fed into the anisotropic PnC, it
could be partially reﬂected at the interfaces of the host aluminum plate
and the anisotropic PnC due to the impedance mismatch. Therefore, the
mechanical power of the transmitted wave in self-collimation would be
less than that of the incident wave. The reﬂection coeﬃcient of the velocity can be calculated by (ZPnC -Zal )/(ZPnC +Zal ) where Zal and ZPnC in-

dicate the mechanical impedances of the aluminum and anisotropic PnC
considering the incidence angle, respectively. Then, the reﬂection coefﬁcient of the mechanical power is calculated by |ZPnC -Zal |2 /|ZPnC +Zal |2
which is equal to the absolute square of the reﬂection coeﬃcient of the
velocity [58,59]. For a very low loss factor, the transmission coeﬃcient
of the mechanical power can be obtained from energy conservation. The
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velocity amplitude of the reﬂected waves in the host aluminum plate is
calculated as near 3 mm/s. As the velocity amplitude of the incident
waves is 10 mm/s, the reﬂection and transmission coeﬃcients of the mechanical power can be obtained as near 9% and 91%, respectively. In
addition, it can be found that the wavefront is inclined by a certain angle
with respect to the x1 -axis, even though the energy is transmitted in the
x1 -axis. This can be described by Snell’s law, which covers the refracted
angle depending on the variation of wavenumbers (or phase velocities)
of the host structure and anisotropic PnC at the interfaces. When the
propagating waves on the host structure are fed into the anisotropic
PnC, the x2 -directional wavenumber should be preserved at the interfaces; however, the x1 -directional wavenumber is changed, depending
on the EFCs of the anisotropic PnC at a given frequency. The ratio of
the x2 -directional wavenumber to the x1 -directional wavenumber can
determine the inclined angle of the wavefront in the anisotropic PnC
domain.
4.2. Experimental validation
Experimental validation of the broadband self-collimation simulations was performed using the setup shown in Fig. 5 (a). This ﬁgure
shows the fabricated plate with the attachment of piezoelectric line arrays for S0 Lamb wave excitation (Fig. 5 (b)) and a close-up view of the
anisotropic PnC domain and machined unit cells (Fig. 5 (c)). To generate S0 Lamb waves at the desired frequencies, two line array sources
were used (Source I for 60, 70, and 80 kHz and Source II for 100, 150,
and 200 kHz), since the corresponding wavelength range is relatively
wide. Source I (longer wavelength) includes ﬁve piezoelectric patches
(30 × 30 × 1 mm3 ) bonded as a line array (150 × 30 × 1 mm3 ) to the
aluminum plate on both sides at 150o relative to horizontal. For the
shorter wavelength range, two piezoelectric patches (72.4 × 5 × 0.267
mm3 ) were bonded as a line array (144.8 × 5 × 0.267 mm3 ) to the aluminum plate on both sides at 30o relative to horizontal to form source II.
The piezoelectric elements in the respective line arrays were connected
in parallel and driven in phase (with each other as well as on both sides
of the plate) to create S0 Lamb waves. Each source array was excited by
16 cycles of sinusoidal bursts at the desired frequencies (60, 70, 80 kHz
with Source I and 100, 150, and 200 kHz with Source II) using a function generator (Agilent 33200A) and a voltage ampliﬁer (Trek Model
PZD350). A Polytec PSV-400 scanning laser Doppler vibrometer (LDV)
was used to measure the resulting wave ﬁeld by recording the out-ofplane velocity of the plate over a grid of points covering the domain of
interest.
The overall out-of-plane velocity ﬁeld was measured over a broad
range of frequencies to explore the frequency dependence and to validate the numerical results. To conﬁrm the performance over a range of
frequencies, experiments were conducted for frequencies of 60, 70, 80,
100, 150, and 200 kHz. To ﬁlter the presence of A0 Lamb waves especially for long wavelength (lower frequency) cases, a two-dimensional
circular averaging ﬁlter (pillbox) was applied, which is similar to a moving average ﬁlter in one-dimensional signals. The parameter radius was
determined based on the ratio between the cutoﬀ wavelength of S0 and
A0 modes at each frequency and the scanning grid size. The process
acted as a low-pass ﬁlter in the wavenumber domain so that S0 Lamb
waves were kept while the A0 Lamb waves were ﬁltered out. Therefore,
S0 Lamb waves can be clearly observed in the time series response for
all six frequencies, as shown in Fig. 6. For better comparison, the experimental results for 60, 70, and 80 kHz were ﬂipped horizontally (due to
the symmetric arrangement of the line arrays in Fig. 5 (b)) so that the
source orientation is consistent with the simulation. It was found that
S0 Lamb waves propagate only in the horizontal direction inside the
anisotropic PnC at all frequencies. These experimental results agree very
well with numerical simulations. It can be thus concluded from the experimental results that the anisotropic PnC is capable of self-collimation
of S0 Lamb waves over a wide frequency range using the rectangular-like
and parallel-line-like EFCs.
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5. Conclusion
This study newly proposed the material property requirement
for anisotropic phononic crystals (PnCs) to achieve broadband selfcollimation of S0 Lamb waves. Theoretical framework is presented
for obtaining rectangular-like and parallel-line-like equi-frequency contours (EFCs), along with numerical simulations and experimental validations of self-collimation over a range of frequencies. To the best of the
authors’ knowledge, no previous study has revealed such a relationship
between the eﬀective elastic moduli and EFCs, in terms of broadband
ef f and
self-collimation. It is noted that, if the eﬀective elastic moduli of 𝐶11
ef f are much larger than those of 𝐶 ef f and 𝐶 ef f , rectangular-like EFCs
𝐶22
12
66
ef f is larger than 𝐶 ef f , a partial band
can be obtained. In such a case, if 𝐶11
22
gap can be formed in the x2 -axis, thereby enabling the realization of
parallel-line-like EFCs in the x1 -axis. This study used an array of square
lattices with rectangular holes, which possesses the required anisotropic
material properties. With the help of non-resonant structure characteristics, the anisotropic PnC represented rectangular-like EFCs at low broadband frequencies and parallel-line-like EFCs at high broadband frequencies. By adjoining frequency ranges of the rectangular-like and parallelline-like EFCs at a certain frequency, broadband self-collimation can be
achieved for S0 Lamb waves. Lastly, results from both numerical simulations and experiments demonstrated that the anisotropic PnC satisfying
the proposed material property requirement is capable of broadband
self-collimation of S0 Lamb waves.
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Appendix A. Eﬀects of an incidence angle on self-collimation
phenomenon
When an oblique incidence angle 𝜃 in is within an open interval (|𝜃 in |
< 𝜃 ag /2) where the allowable angle 𝜃 ag is shown in Figs. A1 (a) and
(b), the incident waves can be self-collimated in the x1 -axis over broadband frequencies. The allowable angle 𝜃 ag is deﬁned as an angle formed
by the intersection of diagonals in the rectangular-like EFCs, shown in
Fig. A1 (a), or by the intersection of two lines crossing the endpoints of
the parallel-line-like EFCs, shown in Fig. A1 (b). If the incidence angle
is out of the open interval (|𝜃 in | > 𝜃 ag /2), the incident S0 Lamb waves
would be self-collimated along the x2 -axis in a low frequency range exhibiting rectangular-like EFCs or totally reﬂected due to the partial band
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gap in a high frequency range exhibiting parallel-line-like EFCs, as depicted in Figs. A1 (c) and (d), respectively. Note that the allowable angle
𝜃 ag depends on the given frequency.
Appendix B. Broadband self-collimation over a wide range of
incidence angles
Fig. A2 depicts numerical simulation results for other incidence angles (i.e., 20o , 40o , and 50o ) at frequencies of 60 kHz and 200 kHz. All
numerical settings were set as the same, except for the incidence angle.
It can be conﬁrmed that self-collimation can be realized over a wide
range of incidence angles up to 50o and broadband frequencies.
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EFCs; (c) x2 -directional self-collimation for rectangular-like EFCs and (d) total
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