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Various researchers have investigated the behavior of a linear mechanical oscillator
coupled to a nonlinear mechanical attachment that has essential stiffness nonlinearity.
Under certain conditions, the essentially nonlinear attachment acts as a nonlinear energy
sink (NES) and one-way energy transfer from the main structure to the nonlinear
attachment can be achieved. An important characteristic of an essentially nonlinear
attachment is that it does not posses any preferential resonance frequency, resulting in
increased robustness against detuning, thereby enabling frequency-wise wideband performance. This work presents an experimentally validated piezoelectric-based NES for
wideband vibration attenuation. The electrical circuit consists of a negative capacitance
shunt (introduced for cancelling the piezoelectric capacitance) combined in series with a
nonlinear capacitance of cubic order that is realized using operational ampliﬁers. Design
and practical implementation of the NES shunt circuit are discussed in detail. The performance of the piezoelectric NES to attenuate vibrations over a wide range of frequencies
is numerically simulated and experimentally validated for a cantilever in the absence and
presence of tip mass attachments.
© 2018 Elsevier Ltd. All rights reserved.
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1. Introduction
The attenuation of undesired structural vibrations is of interest in a variety of engineering applications ranging from
industrial machines to aerospace structures. Especially for lightweight and ﬂexible structures used in aircraft and spacecraft
systems, piezoelectric shunt damping [1,2] offers remarkable advantages as an electronic damping approach without the
mass loading effects of conventional and bulky vibration damping methods [3,4]. In the 1990s, piezoelectric shunt damping
was studied for various structures ranging from experimental beam setups [5] to aircraft panels [6,7] and space truss
structures [7], yielding successful results. Various types and applications of piezoelectric shunt damping can be found in
review articles by Lesieutre [1] and Ahmadian and Deguilio [2].
Piezoelectric shunt damping is applied by connecting an electrical circuit to the electrode terminals of a piezoelectric
interface (e.g., patch or stack) that is attached to the main structure. Resistive, capacitive, inductive, and resistive-inductive
shunt circuits are the typical linear shunt concepts [1]. The resistive shunting concept was ﬁrst used by Uchino and Ishii
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[8] and its effect on the structure is analogous to constraint layer damping treatments [1]. Capacitive shunting results in a
variation of structural stiffness with changing external capacitance. Changing structural stiffness alters the resonance frequencies of the structure but damping is not affected. Inductive shunting was ﬁrst studied by Forward [9] and it was shown
that the inductance can be tuned to create an undamped dynamic vibration absorber effect. Knowing from Uchino and Ishii
[8] that a resistor could be used to create damping effect, Hagood and von Flotow [5] connected a resistor and inductor in
series to realize the damped dynamic vibration absorber effect. Wu [10] proposed connecting the resistor and inductor in
parallel as an alternative resistive-inductive shunt circuit. The result is again a damped dynamic vibration absorber (or a
piezoelectric vibration absorber) but the damping trend with changing shunt resistance is reversed (as compared to the series
connection). The resistive-inductive shunt circuits (series or parallel) have received the most attention [1] as they create the
damped dynamic vibration absorber effect with proper selection of inductance and resistance.
Linear piezoelectric vibration absorbers, such as the resistive-inductive circuits, are tuned to a speciﬁc resonance frequency. Therefore, their control performance may be signiﬁcantly reduced if the target frequency is modiﬁed due to variation
of environmental conditions (e.g. temperature), fabrication tolerances, parameter uncertainties, or nonlinearities, among
others. To overcome these limitations, dell’Isola et al. [11e13] investigated the multimodal damping of continuous electroelastic systems by distributing piezoelectric elements that are interconnected to a single passive circuit by leveraging the
principle of similarity.
Researchers have also explored different types of nonlinear piezoelectric shunt circuits to enhance the vibration suppression bandwidth of piezoelectric absorbers. Piezoelectric semi-passive or semi-active switch shunting techniques introduce nonlinear treatment of the electrical output of piezoelectric elements and induce enhanced damping or stiffness
modiﬁcation in systems with weak electromechanical coupling (see the papers by Guyomar and co-workers [14e17]). Soltani
and Kerschen [18] explored the effects of a nonlinear piezoelectric tuned vibration absorber designed to attenuate vibrations
of a nonlinear primary system, which is based on the principle of similarity [19]. More recently, Lossouarn et al. [20] presented
a fully passive nonlinear piezoelectric resonant shunt using a physical inductor subjected to magnetic saturation that generates a hardening nonlinearity in the electrical domain.
Another type of nonlinear piezoelectric absorber investigated to address the limitations of linear shunt circuits is based on
the nonlinear energy sink (NES) concept [21]. A NES is an essentially nonlinear attachment with no preferential resonance
frequency, and it offers nonlinear energy pumping (or targeted energy transfer) under certain conditions. This phenomenon,
ﬁrst reported by Gendelman [22e24], leads to one-way transfer of the vibrational energy from a host structure to the NES,
 et al. [25] presented the ﬁrst numerical
where this energy is localized and dissipated. To the best of our knowledge, Viguie
investigation of a piezoelectric-based energy sink. Although the authors also discussed an experimental setup, only numerical
results were reported in their publication. More recently, Zhou et al. [26] presented an essentially nonlinear shunt circuit for
the realization of a piezoelectric NES applied to mistuned bladed disks. Although relevant numerical analyses and discussions
have been presented [25,26], a nonlinear circuit that allows practical implementation of a piezoelectric NES has not been
covered in the literature.
This paper presents an experimentally validated piezoelectric NES for vibration attenuation. An essentially nonlinear
piezoelectric shunt circuit is designed to provide the required nonlinearity. The circuit parameters are obtained from the
Rayleigh-Ritz model of a thin cantilever with piezoelectric layers for the ﬁrst bending mode. First, the essentially nonlinear
behavior of the circuit is experimentally veriﬁed. Then the effects of the nonlinear shunt circuit on the resonance of the ﬁrst
bending mode of an electromechanically coupled beam with a tip mass are numerically demonstrated and experimentally
validated. The robustness of the piezoelectric NES against detuning is conﬁrmed when various tip masses are added to the
cantilever to alter the fundamental resonance frequency.

2. Piezoelectric nonlinear energy sink coupled to a linear structure
2.1. Theory
Fig. 1 presents the schematic of an electromechanically coupled cantilever partially covered by two layers of piezoelectric
material (bimorph in parallel conﬁguration). The electrode pairs are connected to a shunt circuit (which is depicted as a
standard linear resonant shunt in Fig. 1a and an essentially nonlinear circuit in Fig. 1b). The equations of motion of electromechanically coupled beams combined to linear electrical circuits [27] and also to nonlinear electrical circuits, such as the
piezoelectric-based NES [26], have been presented in the literature and are brieﬂy revisited in this section.
The electromechanically coupled beam combined with a linear shunt circuit is ﬁrst discussed. A resonant circuit in the
form of a resistive-inductive (RL) shunt in series presented in Fig. 1a is considered. The governing equations of the electromechanically coupled system are given by

mx€ þ cx_ þ

kSC þ

qqt
Cp

!
xþ

q
Cp

q¼F

(1)
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Fig. 1. Electromechanically coupled cantilever with piezoelectric layers shunted to (a) linear resonant circuit and (b) essentially nonlinear circuit.

Lq€ þ Rq_ þ

t

1
q
qþ x¼0
Cp
Cp

(2)

where m is the mass of the beam, c is the damping coefﬁcient, kSC is the short-circuit stiffness of the cantilever, q is the
electromechanical coupling, Cp is the equivalent capacitance, q is the electrical charge ﬂowing from the piezoelectric layers,
and F stands for the external force vector acting on the system. Note that the terms in the governing equations can be scalar
(in which case the transpose of the electromechanical coupling is itself) or matrices as in the Rayleigh-Ritz model implemented in this work. When the inductor and resistor are properly adjusted [5,28,29] signiﬁcant vibration attenuation is
achieved although the frequency bandwidth of such passive circuit is quite narrow. Furthermore, for low-frequency vibration
attenuation in ﬂexible structures, the inductance requirement can be very large.
The circuit conﬁguration of Fig. 1b [26] introduces nonlinearity to the system through a nonlinear capacitance (CNL ). Zhou
et al. [26] suggest the use of ferroelectric capacitors to introduce nonlinearity to the electromechanical system. The nonlinear
voltage-charge characteristic of ferroelectric capacitors is usually close to a third degree polynomial. However, the linear term
of the third order polynomial and the internal capacitance of piezoelectric material hinder the realization of essential
nonlinearity. A negative capacitance (CNeg ) in series with both the nonlinear capacitor and the internal capacitance of
piezoelectric material enables minimization (ideally elimination) of the linear voltage-charge behavior.
The governing equations of the electromechanically coupled cantilever combined with the essentially nonlinear circuit in
Fig. 1b are

mx€ þ cx_ þ

kSC þ

εLopt q€ þ bRopt q_ þ

qqt

!

Cp
1

CRes

xþ

q
Cp

q¼F

q þ aq3 þ

qt
Cp

(3)

x¼0

(4)

where ε and b are adjusting parameters for the nonlinear case since Equation (4) uses the optimum tuning parameters of the
linear resonant shunt (Lopt and Ropt ) as reference (see for instance [5,28,29]), CRes is a residual capacitance related to negative
and piezoelectric capacitances and a is a constant. Another parameter (m) accounts for the effect of negative capacitance
through the expression 1=CRes ¼ m=Cp . The proper combination of the parameters a, ε, b, and m leads to enhanced vibration
attenuation. When ε ¼ 1, b ¼ 1, m ¼ 1, and a ¼ 0 the RL in series case is obtained. Moreover, in the above formulation, as
discussed by Zhou et al. [26], the parameter ε is usually much smaller than one, leading to inductance values substantially
smaller than those typically used in RL circuits.
This work uses a variational formulation, by combining Hamilton's principle with the RayleigheRitz method to model the
electromechanically coupled cantilever of Fig. 1 based on the EulereBernoulli beam assumptions. Derivation details are
omitted in the present paper since this type of modeling approach has been well covered in the literature [30]. In this
framework, the piezoelectric and geometric nonlinearities [31,32] are assumed to be negligible; however, such additional
terms can be included and be compensated for in the electrical domain with additional circuit components [33].
2.2. Essentially nonlinear circuit implementation
This section presents an essentially nonlinear piezoelectric shunt circuit as well as its practical implementation prior to
experimental validation. The nonlinear circuit is designed to accomplish the functions discussed in Fig. 1b. As mentioned
previously, in a recent effort [26], nonlinear ferroelectric capacitance was proposed to introduce essential nonlinearity to the
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system. Nonlinear capacitors present nonlinear voltage-charge behavior usually close to a third order polynomial [34], and
relying on the nonlinearity of the ferroelectric capacitor [26] is a relatively limited approach since the inherent cubic
nonlinearity cannot be tailored easily. Here, we present a circuit conﬁguration to introduce exclusively cubic voltage-charge
behavior.
Fig. 2 displays the nonlinear circuit proposed in this work. The piezoelectric material is connected to a resistor R1 and
inductor L1, providing electrical analogous of damping and inertia, respectively. A negative capacitance circuit is also connected in series to the piezoelectric material to minimize the linear voltage-charge term in Equation (4). The bottom part of
the circuit has a series of operational ampliﬁers and two multipliers (AD633) to obtain the cubic voltage-charge behavior.
In the circuit of Fig. 2, the negative capacitance is obtained from,

Cneg ¼ 

Ra4 C2
Ra3

(5)

where Ra3 ¼ Ra3c þ Ra3m and the subscript c stands for “complementary” and the subscript m stands for “measurement”.
The voltage across the resistor Ra3m (Vmeas ¼ Vc  V2 ) is the reference to obtain the cubic term of the essentially nonlinear
circuit (Vc ¼ aq3p ). The voltages V2 and Vc are measured with the operational ampliﬁers OA2 and OA3, respectively, and driven
to the voltage ampliﬁer (OA4, Ra1 and Ra2 ) that provides Vmeas ¼ Vc  V2 . The voltage output of OA4 is proportional to the
current ﬂowing in Ra3m that is also proportional to the charge ﬂowing from the piezoelectric layers. Therefore,

Vmeas ¼ Vc  V2 ¼ Ra3m q_ 2 ¼

Ra3m
qp
Ra4 C2

(6)

which is driven to the voltage ampliﬁer (OA5, Ra1 and Ra2 ) to adjust the voltage input of the multipliers. The voltage output of
each multiplier (AD633) is deﬁned as

Vq2 ¼

V 2amp

(7)

10

and

Fig. 2. Nonlinear electrical circuit representing an electrical NES.
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Vq3 ¼

Vq2 Vamp
10

(8)

where the factor 1/10 is due to the multiplier. The cubic voltage-charge characteristic is then obtained in the divider circuit
(Rr1 and Rr2 ) as

Vc ¼


3
R3a3m
Rr2
R
1
1 þ a2
q3
Rr1 þ Rr2
Ra1 100 ðRa4 C2 Þ3 p

(9)

adding the essential nonlinearity to the circuit. The resistance of Rr2 is obtained from,

Rr2 ¼ Rr1

g

(10)

1g

where

g¼

R3a1
ðRa1 þ Ra2 Þ

100
3

ðRa4 C2 Þ3
R3meas

a

(11)

and the value of Rr1 can be chosen arbitrarily. The resistors Ra1 and Ra2 should be calculated according to the saturation
voltage of the voltage multipliers.
As a major advantage, the proposed piezoelectric NES circuit can easily be modiﬁed by changing a few electrical components. For example, the nonlinear coefﬁcient of cubic stiffness term (a) in Equation (4) can be modiﬁed by changing the
resistors Rr1 and Rr2 . It is also important to note that various nonlinear piezoelectric absorbers (and various other nonlinearities, e.g. Dufﬁng-type) can be achieved through simple modiﬁcations to the circuit presented in Fig. 2. Polynomial
nonlinearities of virtually any order can be obtained by excluding negative capacitance and adding more multipliers, yielding
tuned nonlinear vibration absorbers discussed in the literature [18].

3. Model simulations and experimental validations
This section explores the practical realization of a piezoelectric NES by combining the essentially nonlinear piezoelectric
shunt circuit of Section 2 with an electromechanically coupled cantilever. A RayleigheRitz model [30], based on the
EulereBernoulli beam assumptions, is employed to obtain the modal parameters of the cantilever presented in Fig. 3. Simulations that combine the modal solution of the governing equations (Equations (3) and (4)) with the nonlinear circuit (Fig. 2)
in MATLAB Simulink, by using the Simscape Electronics™, are performed to obtain the nonlinear circuit parameters. After
that, experimental characterization of the essential nonlinearity provided by the nonlinear shunt circuit is presented. Numerical and experimental results of the electromechanically beam with a tip mass in open- and short-circuit conditions as
well as combined to the NES circuit are also presented for various tip mass cases.
Simulations of the clamped beam connected to the nonlinear circuit are carried out using the block diagram of Fig. 3. In
this model, the gains m1 , m1 k, m1 c are matrices while the acceleration, velocity and displacement (x€, x_ and x respectively),
and m1 q are vectors in the Rayleigh-Ritz model (10 Ritz modes are considered in all numerical simulations). As displayed in

Fig. 3. System level diagram used for numerical simulations of the beam with piezoelectric interface connected to NES circuit.
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Fig. 3, the piezoceramic patch is modeled as a controlled voltage source connected in series with the linear capacitor Cp. The
piezoceramic is connected in series with the “Electrical domain” block which represents a generic piezoelectric circuit (e.g. RL
or NES). The block diagram model of Fig. 3 is based on the system level approach presented by Elvin [35].
Fig. 4 displays the experimental setup for the cantilever with NES circuit under harmonic base excitation. In such case, the
excitation is due to the inertia of the structure and, therefore, F ¼ m* ab in Equations (1) and (3) as well as in the block diagram
of Fig. 3, where ab is the base acceleration and m* is the mass per length of the beam in the absence of a tip mass (and is
modiﬁed in the presence of a tip mass). An accelerometer is employed to measure base acceleration and a laser Doppler
vibrometer measures the tip velocity. The essentially nonlinear piezoelectric shunt circuit is also displayed in Fig. 3. Two
 Corporation) are bonded to the clamped end of the beam in the form of a bimorph.
piezoelectric patches (QP10N from Mide
The piezoceramic patches are connected in parallel and the resulting capacitance is 106 nF. The geometric and material
properties of the beam as well as the electromechanical properties of the piezoelectric material (PZT-5A) are given in Table 1,
which were employed in the simulations.
3.1. Nonlinear shunt circuit parameters
The parameters of the nonlinear shunt circuit are numerically obtained from time domain simulations using the block
diagram of Fig. 3. As discussed in Section 2, Equation (4) uses the tuning parameters of the linear resonant shunt (Lopt and
Ropt ) as reference. The literature includes different approaches to obtain the optimum parameters of linear resonant shunt
circuits (see for instance [5,28,29]). In this work, however, since a NES is not tuned to any speciﬁc frequency, the inductance
(in the resistive-inductive in series shunt circuit) is estimated as 1=u2sc Cp (where usc is the resonance frequency of the target
mode), while the optimal resistance converts the original peak to a plateau without generating two new modes. If one uses
slightly different values of inductance and resistance as reference, different parameters for the nonlinear circuit will be
obtained (although the performance of the NES will be quite similar). The parameters calculated for the linear shunt circuit
are presented in Table 2, along with the critical nonlinear coefﬁcient (ac ) of Equation (4)) deﬁned as a function of the
maximum electrical charge ﬂowing from the piezoelectric layers in the RL shunt case.
The procedure to obtain the NES parameters in Equation (4) (a, ε, b and m) is as follows: Initially, the parameter m is
assumed to be extremely low (eliminating the effects of the linear capacitance as expected in an ideal case). Then, time
domain simulations are performed for a range of values of a, ε and b, searching for the combination that yields enhanced
vibration attenuation. However, such low values of m assumed in the simulations would lead to system instability in practice
(due to a strong cancelation of the linear capacitance, Cp ), which is not observed in simulations since ideal electrical elements
are assumed in the model. Therefore, experimental tests are also conducted to obtain the smallest value of m that can be used
in a physical setting. For these experiments the breadboard implementation of the circuit shown in Fig. 5 is employed. In the
circuit, R1 ¼ bRlin and L1 ¼ εLlin are the NES resistor and inductor, respectively. The resistor Ra3 is a potentiometer whose
resistance is changed (changing the value of m) in order to determine the smallest value of m without instability, which is then
used in NES simulations (along with the optimal parameters a, ε, and b) and validation experiments.
The resulting nonlinear parameters, previously deﬁned in Equation (4), are given in Table 3. An important characteristic of
NES is that the inductance of the nonlinear circuit is two orders of magnitude smaller than the inductance of the linear RL case
(Table 2). The set of electrical components presented in Table 4 were calculated using the equations presented in Section 2.2
and allows the practical realization of an essentially nonlinear shunt circuit whose parameters are given in Table 3.
3.2. Experimental characterization of the nonlinear shunt circuit
Considering the electrical elements displayed in Table 4, the experimental characterization of the essential nonlinearity
provided by the nonlinear shunt circuit is presented ﬁrst. The characterization of the nonlinear shunt circuit is performed by

Fig. 4. Experimental setup showing the cantilever and the NES circuit.

74

T.M.P. Silva et al. / Journal of Sound and Vibration 437 (2018) 68e78

Table 1
Geometrical and material properties of the cantilever beam and PZT5A.
Length of the beam (mm)
Width of the beam (mm)
Thickness of the beam (mm)
Young's Modulus of the beam (GPa)
Mass density of the beam (kg/m3)
Permittivity ε33 of the PZT (nF/m)

118.8
27.8
1.0
70.0
2700.0
1800.0

Length of the PZT (mm)
Width of the PZT (mm)
Thickness of the PZT (mm)
Young's Modulus of the PZT (GPa)
Mass density of the PZT (kg/m3)
Piezoelectric constant d31 (pm/V)

39.3
20.6
0.24
67.0
7750.0
171.0

Table 2
Parameters obtained from the reference case (RL shunt in series).
Llin

Rlin

ac ¼ 1=Cp maxðQp Þ2

maxðQp Þ

usc

363.6H

16.5 kU

9:8  1016 V=C3

9:81  106 C

25.19 Hz

Fig. 5. Circuit employed for the experimental determination of m.

exciting (harmonic base excitation) the same cantilever of Section 3.1 (with a tip mass of 22.9 g) at the short circuit resonance
frequency (25.19 Hz). Since the electrical elements of the circuit are known, the measurement of voltages at speciﬁc points
allows the calculation of the electrical charge. The goal is to compare the negative capacitance to the equivalent capacitance of
the bimorph as well as experimentally verify the cubic voltage-charge characteristic of the circuit.
Fig. 6 displays the contribution of different parts of the circuit measured during the experiments. The voltages were
directly measured at the relevant points of the circuit and charge obtained from corresponding equations. It is noteworthy in
Fig. 6a that the magnitude of the negative capacitance is quite similar to the equivalent capacitance of the bimorph. The slope
of linear voltage-charge trend of the piezoelectric material is 8:3  106 V=C while the slope of voltage-charge trend of
negative capacitance is  8:1  106 V=C. Therefore, the residual linear stiffness is less than 2.5% of the original linear stiffness
of the system (piezoelectric capacitance). The resulting capacitance of the system is negligible since the achieved m parameter
(Equation (4)) is 0.2. Note that a negative capacitance value larger than the achieved one would lead to circuit instability (as
discussed in Section 3.1).
Fig. 6b displays the nonlinear voltage-charge behavior (which is analogous to the nonlinear restoring elastic force of a
mechanical NES) induced by the nonlinear circuit with and without the residual capacitance of piezoelectric layers. The
measured voltage-charge relation can be approximated by a cubic term aq3 (as in Equation (4)) with a ¼ 1:8  1017 V=C3 .
Therefore, the circuit of Fig. 2 provides essential nonlinearity. Although a residual capacitance is present, the experimental
results in the next section reveal that it is sufﬁciently small to enable a good performance over a wide range of frequencies.

3.3. Numerical simulations and experimental validation of the piezoelectric NES
This section presents numerical simulations and experimental validation of the piezoelectric NES. The simulations use the
block diagram of Fig. 3 with data provided in Tables 1 and 4 while the experimental setup is the one described in Fig. 4. In
order to conﬁrm the robustness of the piezoelectric NES to detuning, simulations and experiments are performed for different
tip mass values while the same nonlinear circuit parameters presented in Table 4 are considered in all cases (simulations and
experiments). Controlled base acceleration was considered in the experiments in a feedback setting.
Fig. 7 shows the frequency response of tip velocity for the ﬁrst mode of the beam for two different tip mass values (22.9 g
in Fig. 7a and 15.0 g in Fig. 7b) and base acceleration of 0.04 g. The short-circuit, open-circuit, and NES circuit cases are
displayed. The continuous lines stand for the model simulation results while the round markers are the experimental data.
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Table 3
NES parameters used in the numerical simulations.

a=acrit

ε ¼ L1 =Llin

b ¼ R1 =Rlin

m ¼ Cp =Cres

1.565

0.0138

0.666

0.128

Table 4
Electrical components of the NES circuit.
Component

Value

Component

Value

L1
Rdc
Ra4
Ra3c
Ra1
Rr1

5H
500 kU
10 kU
40 kU
100 kU
1 MU

R1
C2
Ra3m
Rm
Ra2
Rr2

11 kU
672 nF
15 kU
1 MU
39.1 kU
1.05 MU

Fig. 6. Experimental characterization of the essentially nonlinear circuit: (a) contribution of different parts of the circuit and (b) nonlinear voltage-charge
behavior.

Fig. 7. Model simulations (continuous lines) and experimental data (round markers) for the frequency response of the beam under harmonic base excitation
(base acceleration 0.04 g) for short-circuit condition, open-circuit condition, and piezoelectric NES for a tip mass of (a) 22.9 g and (b) 15.0 g.

The overall agreement between the numerical and experimental results in Fig. 7 is very good. It should be noted that ideal
electrical elements were considered in the simulations while commercially available resistors and capacitors may have capacitances and resistances slightly different from the calculated ones due to manufacturing tolerance issues and other.
Additionally, in practice, op-amps are not ideal electrical elements (unlike in simulations) since they exhibit output resistance.
These are the sources of minor differences observed in Fig. 7 between model simulations and experimental data. At the short
circuit resonant frequency of the cantilever for both tip mass scenarios (22.9 g and 15.0 g), the tip velocity of the electromechanically coupled cantilever with the NES circuit is around 90% less than that of the beam in short circuit condition,
showing that the piezoelectric NES is insensitive to frequency variations.
Simulations and experiments were also performed for smaller tip mass value (7.7 g) and in the absence of a tip mass. In all
cases, the same nonlinear shunt circuit considered in Fig. 7 was employed to check the performance of the NES over a broad
range of frequencies. Fig. 8a and b display the tip velocity for 7.7 g and absence of tip mass, respectively. The base acceleration
was increased to 0.16 g and 0.24 g, respectively, to increase the excitation intensity. At the short circuit resonance of each case,
piezoelectric NES provides a tip velocity 85% and 70% less than that of the short circuit condition of each case.
As a ﬁnal discussion, Fig. 9 shows the time history of the product of cantilever tip velocity and piezoelectric voltage output
for an example case of using NES. This product is proportional to power ﬂow from the mechanical domain to the electrical
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Fig. 8. Model simulations (continuous lines) and experimental data (round markers) for the frequency response of the beam under harmonic base excitation for
short-circuit condition, open-circuit condition, and piezoelectric NES for a tip mass of (a) 7.7 g (base acceleration 0.16 g) and (b) in the absence of a tip mass (base
acceleration 0.24 g).

Fig. 9. Time series of the product of tip velocity and piezoelectric voltage output (experimental data for excitation at the short-circuit resonance frequency for the
cantilever with 22.9 g tip mass).

domain of the system.1 The time series were obtained for the cantilever with a tip mass of 22.9 g harmonically excited around
its short circuit resonance frequency. Fig. 9 shows that power ﬂows from the mechanical to the electrical domain (in
agreement with positive power due to damping in the governing equations) predominantly in a one-way fashion, further
conﬁrming the NES behavior.

4. Conclusions
An experimentally validated piezoelectric NES was presented. The essentially nonlinear piezoelectric shunt combines a
resistor, an inductor, and two operational ampliﬁer (op-amp) and multiplier based sub-circuits: (1) negative capacitance
circuit and (2) essential nonlinear circuit. The negative capacitance is employed to cancel the internal capacitance of
piezoelectric material. Very limited literature on the subject suggests the use of ferroelectric capacitors to provide the cubic
voltage-charge characteristic for piezoelectric NES implementation. However, relying on the nonlinearity of the ferroelectric
capacitor is a relatively limited approach in that the cubic nonlinearity cannot be tailored easily. The op-amp-based essential
nonlinear circuit presented in this work provides exclusively cubic voltage-charge characteristic to the system. Moreover,
different nonlinearities can also be achieved through simple modiﬁcations to the circuit.
The effects of the NES over the elastic behavior of an electromechanically coupled cantilever were ﬁrst investigated. The
modal parameters of the beam were obtained from a Rayleigh-Ritz solution and combined with the nonlinear shunt circuit in
MATLAB Simulink. Preliminary simulations were ﬁrst performed in order to adjust the nonlinear shunt circuit parameters.
The behavior of the beam under harmonic base excitation was then discussed for the short- and open-circuit conditions as
well as combined with the NES circuit. Signiﬁcant vibration attenuation was observed over a wide range of frequencies when
different tip mass values were considered.
The nonlinear characteristics of the circuit were also experimentally validated. The obtained negative capacitance
magnitude was very close to the internal capacitance of piezoelectric layers added to the beam. The resultant coefﬁcient of the
linear term was 98% smaller than that without negative capacitance. This is an important feature since essential nonlinearity

1
_ which is ensured to be
Note that, if Equation (3) is written in terms of voltage, the power associated with electromechanical coupling becomes  qVp x,
positive when the phase between voltage and velocity is 0 since q is negative.
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is required for one-way energy transfer. The cubic voltage-charge characteristic added by the nonlinear circuit was also
experimentally validated and it could be properly approximated by a cubic term.
The effects of the NES over the ﬁrst resonance of an electromechanically coupled beam were investigated. The time history
of the product of tip velocity and piezoelectric voltage shows the one-way energy ﬂow from mechanical do electrical domain
for a certain tip mass added to the bem. Moreover, the NES was also validated for different tip mass values. Vibration
attenuation was observed for a wide range of frequencies (22.5 Hze84.0 Hz). Although the performance decays with
increasing frequency, a behavior already numerically reported in the literature, signiﬁcant attenuation is observed over the
wide range of frequencies, showing that the proposed piezoelectric NES is robust against detuning.
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