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A B S T R A C T

Equivalent electrical circuits are useful simulation tools to emulate and investigate the behavior of electro-
mechanically coupled systems and structures as well as to develop energy harvesting or control circuits, among
other configurations with two-way coupling. The existing efforts in this context have mostly considered linear
structural (mechanical) domain, occasionally with nonlinear circuit for signal process and control. Typically,
resonant circuits are employed to represent the mechanical domain of single- or multi-degree-of-freedom sys-
tems, while ideal transformers or current- and voltage-dependent sources are employed to model the electro-
mechanical coupling. However, practical limitations of ideal transformers and dependent sources are challenges
for experimental implementations of equivalent circuits. Furthermore, the internal resistance of equivalent re-
sonant circuits limits the representation of high quality factor systems. This paper introduces equivalent elec-
trical circuits for linear and nonlinear electromechanically coupled systems with high quality factor and various
types of nonlinearities. The focus is placed on piezoelectric structures that exhibit stiffness and damping non-
linearities. An alternative to the existing models for the electromechanical coupling is also presented for con-
venient simulation of coupled system dynamics using standard electronic simulation programs. The equivalent
circuit framework given here for high quality factor electromechanical systems is validated against both linear
and nonlinear case studies, including published data for a nonlinear piezoelectric energy harvester. The pro-
posed framework paves the way for the design of circuits emulating nonlinear structures, such as nonlinear
vibration absorbers and sinks.

1. Introduction

Equivalent electrical circuit representations of electromechanical
systems and structures have been used in numerous research domains
from vibration control [1,2] to energy harvesting [3–6], while the
present work is predominantly focused on piezoelectric energy har-
vesting and the literature review will be limited to that. The research
field of vibration-based energy harvesting has been investigated by
several research groups over the last decade [7–9]. The goal is to enable
self-powered systems by converting the waste vibration energy avail-
able in their environments into usable electrical energy. Although dif-
ferent transduction mechanisms (piezoelectric [7,8,10–13], electro-
magnetic [14–18] and electrostatic [10,19,20]) have been suggested for
converting vibrations to electricity, piezoelectric energy harvesting has
received the most attention due to the high power density and ease of
application of piezoelectric materials [8,21–23].

Linear resonant piezoelectric energy harvesters have been ex-
tensively studied and well understood [11,12], and more recently there
has been growing interest in the modeling and leveraging mechanical
nonlinearities [24] (which is separate from the leveraging of nonlinear
electrical signal processing). The motivation in nonlinear energy har-
vesting is to exploit nonlinear phenomena to provide broadband energy
harvesters, overcoming the main limitation of linear resonant energy
harvesters (that are effective only at resonance excitation usually with a
narrow bandwidth). The existing literature includes various nonlinear
energy harvesters with intentionally designed nonlinearities [25–28]
and several review papers [29–31] can be found for examples of non-
linear and other methods of broadband energy harvesting. In a recent
effort, Leadenham and Erturk [32,33] presented the modeling and ex-
perimental validations of an M-shaped oscillator for broadband energy
harvesting. The M-shaped configuration is an alternative to complex
forms of symmetric Duffing oscillators and its flexible asymmetric
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nonlinear behavior yields broadband behavior under low excitation
levels (as low as mill-g vibration levels). Furthermore, enhanced elec-
trical power output was reported since the M-shaped structure made
from spring steel is a high quality factor device (this strongly nonlinear
configuration will be visited as a case study in the present work).

Most of the papers on linear and nonlinear energy harvesting have
considered a simple load resistance in the electrical domain of the
problem in order to estimate the electrical power output of the har-
vesters. However, charging a storage component requires a stable
output voltage and efficient electrical circuits for linear and nonlinear
energy harvesting devices. Another body of literature also includes
standard AC-DC converters (as a one stage energy harvesting interface)
[34], two-stage energy harvesting circuits that includes DC-DC con-
version for impedance matching [35,36], and also synchronized
switching circuits for piezoelectric energy harvesting [37,38]. Simula-
tion of piezoelectric energy harvesters with more complex interface
circuits requires implementing equivalent circuit models in circuit si-
mulation software. Therefore, researchers have also presented equiva-
lent circuit models for single- or multiple-degree-of-freedom (SDOF or
MDOF) linear and nonlinear piezoelectric energy harvesting systems
[3–6].

An early effort on the equivalent electrical representation of SDOF
and MDOF linear electromechanically coupled systems was presented
by Elvin and Elvin [3]. In another paper [4], the same authors described
a coupled finite element – SPICE model of a linear electromechanically
coupled system. Bayik et al. [6] presented an equivalent circuit for a
piezo-patch energy harvester on a thin plate with AC-DC conversion.
Equivalent circuit representations of the aforementioned papers [3–6]
are limited to structurally (i.e. mechanically) linear systems with linear
coupling since they are based on the modal decomposition of the DOFs
of the electromechanically coupled system. To overcome this limitation,
Elvin [5] presented two approaches to obtain the equivalent electrical
representation of linear and nonlinear electromechanically coupled
systems. First, system-level circuits approach is employed to model the
harvester behavior. Then, dependent voltage equivalent circuits are
employed to represent the nonlinear system.

Challenges remain for the practical implementation of equivalent
circuits in the presence of nonlinearities. Most of the papers on
equivalent electrical representation consider a resistive-inductive-ca-
pacitive (RLC) circuit as the equivalent of the mechanical domain of the
problem while ideal transformers or voltage-dependent sources provide
the forward and backward electromechanical coupling effects. The
equivalent electrical representation of high quality factor mechanical
and electromechanical systems would demand RLC circuits with ex-
tremely low internal resistance values (typically on the order of a few m
Ω). In practice, however, such internal resistance is lower than the in-
dividual internal resistances of inductors and capacitors. Therefore,
typical RLC circuits are unsuitable for the appropriate practical elec-
trical representation of high quality factor devices. Furthermore, the
representation of the electromechanical coupling effects by an ideal
transformer cannot be obtained in practice, although they have been
considered in standard electronic simulation programs.

In this paper, a novel nonlinear equivalent electrical circuit frame-
work for SDOF linear and nonlinear oscillators with electromechanical
coupling is presented with a focus on nonlinear piezoelectric structures.
The circuit is based on operational-amplifier (op-amp) sub-circuits of
low internal resistance to represent high quality factor system dy-
namics. The proposed framework also allows for the inclusion of dif-
ferent sources of nonlinearities, such as nonlinear damping, as well as
symmetric and asymmetric nonlinear stiffness terms of any order.
Moreover, a new equivalent electrical representation for the forward
and backward coupling (electromechanical coupling of the system) is
also presented. The validation of the proposed circuit is presented in
two cases. First, the equivalent electrical representation of a high
quality factor linear SDOF mechanical system (mass-spring-damper
system) is considered. The experimental results obtained from

breadboard implementation of the equivalent electrical circuit are
compared with the numerical solution of the governing equation of the
system. In the second case, the equivalent electrical representation for a
SDOF nonlinear oscillator with electromechanical coupling is in-
vestigated. The experimental results obtained from breadboard im-
plementation of the equivalent electrical circuit are validated against
results from [33].

2. Components of the equivalent nonlinear circuit

The equivalent circuit is presented in this section as the electrical
representation of a nonlinear SDOF oscillator with electromechanical
coupling. Two different sources of nonlinearity are considered: non-
linear damping and nonlinear stiffness. Dissipative effects are assumed
as a combination of linear viscous and quadratic damping (nonlinear
dissipation) in the SDOF model. The other source of nonlinearity is
nonlinear stiffness and the most general case of an n-order polynomial
is considered in this section. The first-order coefficient is the linear
stiffness for small displacements while the higher-order terms represent
symmetric and asymmetric nonlinear stiffness terms. Therefore, the
governing equations of the electromechanically coupled nonlinear os-
cillator are

+ + + + + − = −mz b z b y z y z F z θV m y¨ ˙ ( ˙ ˙ ) ˙ ˙ ( ) *¨p1 2 (1a)

∑= +
=
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+ + =C V Q θz 0p p p (1c)

where m is the equivalent mass of the structure, m* is the effective mass
that causes the forcing term due to base excitation ( =m m* if the spring
mass is negligible when compared to the lumped mass attachments), b1
is the linear viscous damping coefficient, b2 is the quadratic (velocity-
squared) damping coefficient (used to model dissipation due to fluid-
structure interaction), F(z) is the nonlinear elastic restoring force,
where k1 the linear stiffness coefficient and j is the order of the non-
linear stiffness, θ is the equivalent electromechanical coupling, Vp is the
voltage across the piezoelectric material, Qp is the electric charge
output from the piezoelectric material, z is the relative displacement
between the lumped mass and the moving base, and y is the base dis-
placement as the source of mechanical excitation. An over-dot stands
for differentiation with respect to time.

Equations (1) are the basis for the equivalent electrical representa-
tion of nonlinear electromechanically coupled systems presented in this
work. Base excitation is the typical scenario in vibration energy har-
vesting, while other forms of mechanical excitation can be easily ac-
commodated in other scenarios, such as vibration control, using the
following framework. The solution of Equations (1) based on a system-
level approach requires the following representation:

= − − + + − + −mz b z b y z y z F z θV m y¨ ˙ ( ˙ ˙ ) ˙ ˙ ( ) *¨p1 2 (2a)

= − −V
Q
C

θz
Cp

p

p p (2b)

The equivalent circuit representation of this system is displayed in
Fig. 1 based on a force-voltage mechanical-to-electrical analogy for the
special case of quintic (fifth order) nonlinearity. Therefore, the force
terms of Eq. (2a) are implemented as voltages that are the input or
output of each block in Fig. 1. Although similar system level equivalent
circuits for nonlinear electromechanically coupled systems have al-
ready been presented in the literature [5], this section discusses and
presents electrical circuit solutions that allow for the practical im-
plementation and experimental validations of such systems. Moreover,
the equivalent electrical circuit of the current paper also enables the
electrical representation of high quality factor systems by keeping low
internal resistances for each sub-circuit (each block) of Fig. 1. The
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following subsections describe the sub-circuits of Fig. 1.

2.1. Summing amplifier circuit

The block “Voltage Summation 1″ of Fig. 1 is the basic summing
amplifier circuit of Fig. 2. Therefore, in this sub-circuit, each input
voltage is equivalent to each mechanical (or electromechanical) term of
the right-hand side of Eq. (2a), while the output voltage is Vmz, that is
the equivalent electrical of the force mz̈ of Eq. (2a). In particular, the
input voltage Vm y* is the electrical equivalent of the applied force due to
the base excitation of the nonlinear oscillator, which, in practice, can be
obtained by using a waveform generator. All the other input voltages of
the basic summing amplifier circuit are obtained from the other sub-

circuits to be discussed in the following subsections.
The voltage output (Vmz) of the summing amplifier is
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where each resistor is displayed in Fig. 2, and the subscript of each
voltage refers to a force term in Eq. (2a).

The summing circuit, as well as the other sub-circuits of Fig. 1, uses
op-amps or integrated circuits (ICs) in order to accomplish its function
and also to keep low internal resistance. Op-amps and analog ICs ex-
hibit certain characteristics that must be considered in the circuit de-
sign: (i) they have a saturation voltage and (ii) they present distortions
for low voltage levels (typically below 100mV). Therefore, the voltage
levels along the circuit should be smaller than the saturation and large
enough for their proper operation. In this work, the voltage level of
each equivalent voltage is controlled by a parameter βi. Therefore,
when performing the mechanical-to-electrical analogy, each force term
of Equation (2) is multiplied by a constant βi (i.e. =V β m y*¨m y m y* * ,

=V β b ẏb y b y 11 1 and so on). In practice, the effect is to amplify the voltage
level in the circuit and, simultaneously, avoid the saturation of the
components of each sub-circuit. The previous knowledge of force levels
of the mechanical system to be represented by an equivalent electrical
circuit (that will result in the voltage terms in the electrical domain)
allows for the proper calculation of each constant, as discussed in the
Appendix of this paper.

One should note, however, that the pre-multiplication of each term
of Equation (2) by different constants is physically inconsistent. This
issue is addressed through the proper calculation of the resistors in the
summing circuit (as well as the calculation of the electrical elements of
each sub-circuit in this paper, as will be discussed later). Each term of
the right-hand-side of Eq. (3) that is divided by a summing resistor
(from Rs1 to Rs9) must be numerically equal to the right-hand side of
Eq. (2a) in order to properly represent the mechanical system. In this
way, considering a constant βi multiplying each term of Eq. (2a), the
resistors of the summing circuit are obtained as

Fig. 1. Block diagram for the equivalent circuit representation of a nonlinear electromechanically coupled system (with a quintic stiffness nonlinearity).

Fig. 2. Basic summing amplifier circuit.
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where Rf can be chosen arbitrarily. Note that Eq. (2a) is obtained when
the summing resistors of Eq. (4) and the expression =V β mz̈mz mz are
used in Eq. (3), except for the last term of the right-hand-side of Eq. (3).
Such term provides negative resistance effect in order to cancel the
parasitic resistance (in the breadboard setting) usually observed in
practical implementations. The summing resistor Rso controls the
amount of negative damping and can be determined from experimental
tests, as will be discussed in Section 3.

2.2. Integrator circuit

The voltage Vb z1 (that is equivalent to the linear damping force b ż1 )
and the voltage Vk z1 (that is equivalent to the linear stiffness force k1z)
are obtained from voltage term Vmz(that is the output of the summing
circuit in Fig. 2). Fig. 3 shows the circuit of each integrator block (In-
tegrator 1, Integrator 2 and Integrator 3) of Fig. 1. The subscript i stands
for the index of the integrator block (i=1, 2 or 3), Vin stands for the
input voltage, while Vout stands for the output voltage of the block.
Fundamental integrator circuits (with a capacitor Ci in the feedback
loop of an inverter amplifier circuit) are employed for the time in-
tegration of Vin. The resistor Rdci is also added to avoid cumulative
summing of the output voltage due to DC offset voltages at the input
Vin. An inverting amplifier circuit is also included in each Integrator
block to adjust the signal of Vout.

The resistors (R1,R2 and R3) of each integrator circuit are calculated
according to the input and output voltages of the integrator block. For
example, when Vm y* and Vb y1 are, respectively, the input and output
voltage of the block Integrator 1, the governing equation is
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for ωRdciCi≫ 1. The capacitor C1 can be chosen arbitrarily and the re-
sistor R1 is calculated as

=R
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β b C

*m y
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1

*

1 11 (6)

which takes into account each constant β and also the mass and
damping coefficient of the mechanical terms. Therefore, the output of
Eq. (5) is a voltage that is equivalent to a mechanical force.

By repeating the procedure of Eqs. (5) and (6) for the integrator 2
and 3, the resistors R2 and R3 can be calculated as

= =R
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k z
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where the capacitors C2 and C3 can be chosen arbitrarily.

2.3. Circuits for nonlinear stiffness and nonlinear damping

The voltages Vb z1 and Vk z1 are the basis for the calculation of the
nonlinear terms of Eq. (2a). The voltages Vk2, Vk3, Vk4, and Vk5 are
related to the nonlinear stiffness terms presented in Eq. (1b) and they
are obtained by using a voltage multiplier. In this work, the integrated
circuit AD633JN (from Analog Devices Inc.) shown in Fig. 4 is em-
ployed. In this IC, X and Y are differential voltage inputs and the output
voltage W is given by

= − − +W X X Y Y Z( )( )
10

1 2 1 2
(8)

where Z is a voltage input used to provide a positive bias to the output.
Therefore, the voltage Vk2 (equivalent to the force related to the
quadratic nonlinear stiffness of Eq. (1b)) is obtained when Vk z1 is the
input at X1 and Y1 while X2, Y2 and Z are grounded. The equivalent of
the cubic stiffness (Vk3) is obtained when a second multiplier is com-
bined to the first one (used to obtain the quadratic nonlinearity). In
such case, the voltage output of the first multiplier (Vk2) is connected to
the port X1 of the second multiplier, while Y1 remains connected to the
voltage Vk z1 . By continuously repeating this procedure, any power of z
can be obtained (and note that a fifth-order polynomial would be ob-
tained in the configuration presented in Fig. 1). Since the polynomial
stiffness is of order 5 (quintic stiffness as in the experimental case in
[33] to be visited in this work), four voltage multipliers are required to
properly represent the nonlinear stiffness.

The electrical components for calculating the voltage equivalent to
the nonlinear damping force (Vb2) are the block “Voltage Summation
2”, the block “Absolute precise circuit”, and an analog voltage multi-
plier. The sub-circuits inside the blocks “Voltage Summation 2” and
“Absolute precise circuit” are shown Fig. 5a and b, respectively. The
block “Voltage Summation 2” is composed of the op-amp OA1 and the
resistors Rs10 and Rs11. The resistors Rs10 and Rs11 along with the op-
amp OA1 performs a weighted sum of the voltages Vb y1 and Vb z1 , re-
sulting in the voltage term Vyz:
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and Vyz becomes proportional to +y z˙ ˙ by assuming =R Rs
β

β s11 10
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1
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that Rs10 can be chosen arbitrarily and Rs11 is function of Rs10. Then, Vyz

becomes

= +V β b y z( ˙ ˙ )yz b yz 11 (10)
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The voltage Vyz is driven to the precision absolute value circuit of
Fig. 5b so that the voltage term |Vyz| (proportional to +y z˙ ˙ ) can be
obtained. This sub-circuit presents two semi-conductor components

Fig. 3. Integrator circuit connected in series with an inverter amplifier to form
the integrator block.

Fig. 4. Integrated component for multiplying two input voltages (from Analog
Devices Inc.).
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(diodes D1 and D2). The semi-conductor components present threshold
values that undermine the precision of the circuit. However, the
threshold effects are minimized when the current flowing through the
diodes (ID) is low, which is achieved by using high resistance values for
Rm.

The voltages Vyz and |Vyz| are then inputs to the analog multiplier
(Fig. 4) and the output voltage Vb2 (proportional to + +y z y z( ˙ ˙ ) ˙ ˙ ) re-
presents the nonlinear damping in the equivalent electrical circuit.

2.4. Circuit for electromechanical coupling

The equivalent electrical representation of the electromechanical
coupling term of Eq. (2a) and the solution of Eq. (2b) are described
next. Eq. (2a) states that the piezoelectric voltage Vp is given by a
controlled voltage source ( = −V θz C/s p) in series with a capacitor (Cp).
The controlled voltage source stands for the piezoelectric coupling ef-
fect and can be represented by the two resistors Rx1 and Rx2 and the op-
amp OA2, as shown in Fig. 6. Note that the circuit of Fig. 6 represents
Eq. (2b) regardless of the electrical circuit connected to the piezo-
electric material. As a result, this circuit topology with a novel re-
presentation of the direct and converse effects can be used in vibration
control and energy harvesting problems conveniently without loss of
accuracy. The inverting amplifier circuit composed of Rx1,Rx2 and OA2
combines the voltage term Vk z1 (equivalent to the linear stiffness) with
the controlled voltage source Vs to generate the direct piezoelectric
effect, such that

= −V
V

R
R

s

k z

x

x

2

11 (12)

and considering that =V β k zk z k z 11 1 and = −V θz C/s p, the electro-
mechanical coupling resistor Rx2 can be written as

=R R θ
β kx x

k z
2 1

11 (13)

where Rx1 can be chosen abitrarily.
The mechanical force related to the converse piezoelectric effect of

Eq. (2a) is represented by the voltage VθVp, that is calculated as

= −V R
R

VθV
x

x
p

4

3
p (14)

which is obtained from the op-amp OA3 and the resistor Rx3 and Rx4.
Note that resistor Rx3 is in parallel connection with the piezoelectric
circuit block (voltage across Rx3 is Vp and the electrical ground). Due to
the parallel connection, the equivalent impedance observed by Vp never
exceeds Rx3. Furthermore, resistor Rx3 must be taken into account when
designing a high impedance piezoelectric circuit (Rx3 can be chosen
arbitrarily as long as it assumes high values). The calculation of the
resistor Rx4 is based on the maximum values of Vp and VθVp

( =V Vmax( )θV satp ), according to

=R R V
Vmax( )x x

sat

p
4 3

(15)

where the idea is that OA3 reaches the saturation (Vsat) when the
maximum voltage output Vp from the piezoelectric material is reached.
The voltage output from the piezoelectric material (Vp) is related to the
application as well as the type of piezoelectric material considered.

Fig. 7 shows the complete equivalent circuit for an electro-
mechanically coupled nonlinear oscillator with damping and stiffness
nonlinearities. In the example of Fig. 7a, quintic restoring elastic force
is considered, although nonlinearities of any order can be assumed
depending on the number of multipliers.

3. Case studies and results

The goal of this work is to provide an equivalent electrical circuit
representation (as well as its practical implementation) for high quality
factor linear and nonlinear oscillators with piezoelectric coupling.
Therefore, in this section, the equivalent electrical circuit obtained from
the system-level analysis of Fig. 1 is implemented (built on bread-
boards) and employed to obtain the behavior of two different config-
urations. In the first case, a high quality factor SDOF mass-spring-
damper system is considered. In such case, the system-level simulation
is performed in MATLAB Simulink using the ODE45 solver. Experi-
mental results obtained from the breadboard implementation of a linear
version of the equivalent electrical circuit (Fig. 1) are validated against
numerical results in time and frequency domains.

In the second case, the experimental results obtained from the
equivalent electrical circuit for a nonlinear electromechanically cou-
pled structure are validated against the numerical results and experi-
mental data presented in the literature (Leadenham and Erturk [33]).
The M-shaped piezoelectric structure (an energy harvester) is a high
quality factor nonlinear oscillator with electromechanical coupling and
a resistive electrical load. The equations of motion include quadratic
damping and nonlinear (quintic) stiffness and are similar to the Equa-
tions (1) of the present work. Leadenham and Erturk [33] provide de-
tailed information concerning the nonlinear structure, modeling, and
experimental results.

3.1. Linear structure

The structural parameters of the linear mass-spring-damper

Fig. 5. Sub-circuits inside (a) the voltage summation 2 block and (b) the precision absolute value circuit used to calculate the modulus of an input voltage.

Fig. 6. Equivalent circuit representation of the direct and converse piezo-
electric effects.
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mechanical system are shown in Table 1. The parameters were obtained
from Leadenham and Erturk [33], excluding the nonlinear ones and
also the electromechanical coupling (basically the system in this section
is the linearized mechanical version of the M-shaped structure [33]).
The natural frequency ( =ω k m/n 1 ), the quality factor (Qf), and the
damping ratio (ζ) of the mechanical system are shown in Table 1. In
order to represent the linear mechanical system, the equivalent circuit
of Fig. 1 is modified. In such case, the resistors Rs3, Rs5, Rs6, Rs7, Rs8and
Rs9 are set considerably high (109Ω) in the numerical simulations. In
the experimental tests (on a breadboard), those resistors are removed
from the circuit. The value of each electrical component of the circuit to
reproduce the linear structure is shown in Table 2, following the dis-
cussion of Section 2 in this paper. The LM358P op-amps were used in
the circuit and symmetrical voltage supplies of+/−14 V were em-
ployed during the tests. For calculation of the resistors, a safety factor

=α 0.9 was assumed and the saturation voltage of the analog voltage
multiplier AD633JN ( =V V10sat ) was used as reference for all compo-
nents of the circuit (even though the LM358P has higher saturation
voltage).

In the simulations, an RMS (root-mean-square) base acceleration of
0.04 g was assumed. This excitation level corresponds to an input vol-
tage (term Vm y* in Fig. 1) of 9 V in the equivalent electrical circuit. The
voltage outputs Vmz, Vb z1 and Vk z1 were measured experimentally and
data acquisition performed with a Siemens Scadas Mobile system. The
acquired voltages are then divided by βmzm, β bb z 11 and β kk z 11 , respec-
tively, so the experimental values of z̈ , ż and z could be obtained.

3.1.1. Parasitic damping
As discussed in Section 2, the voltage Vo provides negative damping

to the system in order to cancel the parasitic damping (resistance) of
breadboards and/or electrical components. The summing resistor Rso

controls the amount of negative damping provided by Vo. The experi-
mental tests to determine Rso are divided in three steps: (1) In the first
step, the resistor Rs2 (related to linear damping) is removed from the

circuit and a resistance box is used for Rso. The initial value of Rso is set
to be very high (10MΩ) and, therefore, no negative damping is pro-
vided. The voltage excitation Vmy is applied for a couple of seconds and
then removed in order to measure the free response of the equivalent
electrical circuit. The decaying behavior observed in the free response
(at the natural frequency of the system) of the voltage terms Vk z1 , Vb z1
and Vmz provides the amount of parasitic damping (calculated as

=ζ 0.0013) of the electrical circuit and breadboard. (2) The second step
consists of slowly reducing the resistance value of Rso. A decrease in Rso

means an increase of the negative damping added to the system. When
the negative damping cancels the parasitic damping, the free response
ofVk z1 ,Vb z1 and Vmz presents constant amplitude and the empirical value
of Rso is obtained (472kΩ). (3) The third step is a validation step. In this
case, the resistor Rs2 is replaced in the circuit along with the empirical
value of Rso obtained in the second step. The resulting decay rate ofVk z1 ,
Vb z1 and Vmz must match the decay rate shown in Table 1. Fig. 8 shows
the normalized displacement ( =z z z/max( )) obtained experimentally
from the equivalent circuit during each step.

3.1.2. Numerical and experimental results
Having obtained the required resistance to minimize the parasitic

damping, the experimental results (from the breadboard implementa-
tion of the equivalent electrical circuit) are validated against numerical
results obtained by solving the equation of motion of the SDOF me-
chanical system under base excitation in Simulink (using the solver
ODE45). Fig. 9 to 11 show the displacement z of the system when the
system is excited at 13.50 Hz, 13.92 Hz (resonance frequency) and
14.50 Hz. In the experiments, the excitation voltage Vm y* for each case
was 9 V, 3 V, and 9 V, respectively. The excitation voltage of 3 V was
used in the resonance condition of Fig. 10 to avoid the saturation of the
op-amps. Very good agreement is observed between numerical and

Fig. 7. Equivalent circuit for or an electromechanically coupled nonlinear oscillator with damping and stiffness nonlinearities.

Table 1
Parameters of the linear mechanical system (linearized structure).

m(g) −b Nsm( )1 1 −k Nm( )1 1 ωn(Hz) Qf ζ

31.9 5.5×10−3 244.1 13.92 504.7 0.001

Table 2
Parameters of the electrical components used in the equivalent circuit re-
presentation of the linear mechanical system.

R2 R3 C2 C3 Rdc2,Rdc3

37.0 kΩ 45.27 kΩ 224 nF 224 nF 100 MΩ

Rinv Rs1 Rs2 Rs4 Rf

1.0 MΩ 210 kΩ 640 kΩ 1.3 kΩ 1.0 kΩ
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experimental data during transient and steady state responses at dif-
ferent frequencies.

Fig. 12 shows the numerical and experimental mechanical vibration
frequency response functions (mass displacement to base acceleration
FRF) of the linear structure over the frequency range of 13 Hz to
15.5 Hz. A chirp signal (Vm y* ) was employed to excite the equivalent
circuit in the experiments over a range of frequencies from 12Hz and
16.5 Hz. The amplitude of Vm y* is 3 V in order to avoid saturation of the
op-amps. Fig. 13 displays the coherence for the same FRF measured

during the experiments.
In Fig. 12, the experimental resonance slightly deviates from the

numerical one, which can be observed in the close-up view of Fig. 12.
The experimental resonance frequency is 0.07% lower than the nu-
merical one, while the amplitude at the experimental resonance fre-
quency is 10% larger than the numerical one. The value of each elec-
trical component of the circuit employed in the experiments (Table 2)
was calculated by following the discussion of Section 2. However,
commercially available resistors and capacitors may have capacitances
and resistances slightly different from the calculated ones due to their
manufacturing tolerance (i.e. resistors with tolerance of 2% were em-
ployed). Moreover, in practice, op-amps are not ideal electrical ele-
ments (as assumed in simulations) since they present output resistance.
Therefore, the stiffness and damping values obtained in the experi-
mental circuit slightly differ from the values used in the simulations,
leading to differences between numerical and experimental results. In
particular, small damping variations leads to significant amplitude
variations around the resonance frequency of high quality factor sys-
tems ( =Q 504.7 in the discussed case). Nonetheless, the overall agree-
ment in Fig. 12 is very good.

3.2. Nonlinear electromechanically coupled M-shaped structure

In this section, the experimental results obtained from the equiva-
lent electrical circuit representation for the electromechanically cou-
pled M-shaped structure are validated against the numerical results
presented in the literature [33]. Leadenham and Erturk [33] used the
method of harmonic balance to obtain the steady state solution of the
electromechanically coupled M-shaped harvester under base excitation.
Table 3 presents the experimentally identified parameters [33] which
are also used in the present paper to obtain the equivalent electrical
parameters.

In their numerical simulations, Leadenham and Erturk [33] con-
sidered a set of five load resistances (30kΩ, 100kΩ, 300kΩ, 1MΩ and
3MΩ). For the experiments with the equivalent electrical circuit, the
same set of load resistances are of interest. However, it is important to
note that Rpiezo (the resistor used in the “piezoelectric circuit” block of
Fig. 6) is in parallel connection with the resistor Rx3. The equivalent

Fig. 8. Experimental results for the dimensionless displacement in the equiva-
lent electrical circuit emulating the linear mechanical system.

Fig. 9. Numerical and experimental results obtained from the equivalent
electrical representation of the linear mechanical system when the system is
excited at 13.50 Hz.

Fig. 10. Numerical and experimental results obtained from the equivalent
electrical representation of the linear mechanical system when the system is
excited at 13.92 Hz.

Fig. 11. Numerical and experimental results obtained from the equivalent
electrical representation of the linear mechanical system when the system is
excited at 14.50 Hz.

Fig. 12. Numerical and experimental frequency response results obtained from
the equivalent electrical representation of the linear mechanical system.

Fig. 13. Experimental coherence associated with the equivalent electrical re-
presentation of the linear mechanical system.
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resistance (Req) between Rpiezo and Rx3 must match the values of the set
of load resistances considered in [33]. The following values for Rpiezo

are used in the experiments with the equivalent electrical circuit: 30kΩ,
101kΩ, 309.2kΩ, 1.11MΩ and 4.286MΩ.

Table 4 displays all the electrical elements employed in the practical
implementation of the equivalent electrical circuit of the M-shaped
structure. The LM358P op-amps were used in the circuit and symme-
trical voltage supplies of+/−14 V were employed during the tests. A
safety factor =α 0.9 and a saturation voltage =V V10sat were assumed.
Diodes of BYW95C type were used in the equivalent circuit.

Fig. 14 presents the mechanical and electrical outputs of the elec-
tromechanically coupled M-Shaped harvester for the set of load re-
sistances. The continuous lines stand for the numerical results of Lea-
denham and Erturk [33] while the dashed lines with markers are the
experimental results obtained from the equivalent circuit of the present
paper on a breadboard. In the experiments, the input voltage (Vm y* ) of

the equivalent electrical circuit was a sine sweep with frequency step of
0.05 Hz (60 s for each frequency). The amplitude of the input voltage
was 9 V which is equivalent to the RMS base acceleration of 0.04 g
reported in [33]. Up and down frequency sweeps were performed in
order to capture the jump phenomenon associated with bifurcations of
the nonlinear M-Shaped structure.

A very good agreement is observed between numerical predictions
and experimental results (from the equivalent circuit) for the absolute
velocity output ( +y z˙ ˙ ) of the system as well as for the electrical outputs
of the piezoceramic material (voltage output, electrical current, and
power). Although the experimental results from the equivalent circuit
slightly underestimate the amplitudes of numerical responses (for the
reasons discussed with Fig. 12), the experimental results exhibit the
same trends observed in the numerical ones. The velocity response
shows that damping due to load resistance increases from short circuit
condition until 300kΩ and then decreases as the load resistance is in-
creased. Therefore, 300kΩ is the optimum load (among the ones con-
sidered) that leads to the maximum shunt damping effect that results in
the shortest nonlinear frequency bandwidth (frequency range with si-
multaneous high and low amplitudes solution) in both numerical pre-
dictions and experimentally measured responses. The same trend is
observed in electrical responses of Fig. 14b–d. Additionally, voltage
increases with increasing load resistance, while electrical current de-
creases with increasing load resistance. The optimal load resistance of
300kΩ also provides the largest power output as shown in Fig. 14d.

Leadenham and Erturk [33] report a bandwidth of 0.38 Hz for the
load resistance of 300 kΩ. The calculated bandwidth from the experi-
mental results for the same load is in between 0.35 Hz and 0.40 Hz
(since the experimental input voltage was a sine sweep with frequency
step of 0.05 Hz), revealing a good agreement between the experimental
and numerical results.

After validating the equivalent electrical circuit against numerical
results presented in the literature for a nonlinear electromechanical
structure (Fig. 14), the experimental nonlinear voltage terms (similar to
linear and nonlinear stiffness and nonlinear damping of the system) are
now used to discuss the behavior of the nonlinear oscillator. Fig. 15
shows the nonlinear voltage terms (Vk2, Vk3, Vk4, Vk5 and Vb2) along
with the voltage related to the linear stiffness Vk z1 that were experi-
mentally obtained from the equivalent electrical circuit of the nonlinear
M-shaped structure (during the same experimental tests to obtain the
results shown in Fig. 14). Additionally, Fig. 15 also displays the noise
floor level (or the minimum required input signal level) of the analog

Table 3
Mechanical, electrical, and electromechanical parameters of the M-shaped
structure.

m(g) −b Nsm( )1 1 −k Nm( )1 1 −θ NV( )1 Cp(nF) −k Nm( )2 2

31.9 5.5× 10−3 244.1 170×10−6 34.27 2680

−k Nm( )3 3 −k Nm( )4 4 −k Nm( )5 5 − −b Nm s( / )2 2 2 ωn(Hz) ξ

363×103 10.6× 106 210×106 0.012 13.92 0.0010

Table 4
Electrical components used in the equivalent circuit to represent the nonlinear
M-shaped structure.

R1 R2 R3 C1 C2 C3

1.6 MΩ 37.0 kΩ 45.27 kΩ 6.8 nF 224 nF 224 nF

Rdc1 Rdc2,Rdc3 Rinv Rm Rf Rso

1.61 MΩ 100 MΩ 1.0 MΩ 1.0 MΩ 1.0 kΩ 472 kΩ

Rs1 Rs2 Rs3 Rs4 Rs5 Rs6

210 kΩ 640 kΩ 245.6 kΩ 1.3 kΩ 9.04 kΩ 5.10 kΩ

Rs7 Rs8 Rs9 Rs10 Rs11 Rx1

13.72 kΩ 51.38 kΩ 110 kΩ 10 MΩ 58.18 kΩ 100 kΩ

Rx2 Rx3 Rx4 Cp

649.6 kΩ 10 MΩ 450 kΩ 34.17 nF

Fig. 14. Numerical (continuous lines) and ex-
perimental (dashed lines with markers) fre-
quency domain results obtained from the
equivalent electrical representation of the
nonlinear M-shaped structure in the neighbor-
hood of the primary resonance for various
forms of the response: (a) Velocity, (b) voltage,
(c) current, and (d) electrical power.

T.M.P. Silva et al. Mechatronics 54 (2018) 133–143

140



voltage multipliers used in the nonlinear equivalent circuit. Only vol-
tages larger than the noise floor level contribute to the behavior of the
system.

Fig. 15 shows that the voltage equivalent to the linear stiffness, Vk z1 ,
remains far above the noise floor level throughout the entire range of
frequencies (from 13Hz to 15.5 Hz). On the other hand, the behavior of
the nonlinear voltage terms is significantly different. They are only
above the noise floor level at frequencies around the linear resonance
frequency of the M-shaped structure (close to 13.9 Hz for the short
circuit condition) and below the noise floor level for frequencies sig-
nificantly smaller or significantly larger than the resonance frequency.
Therefore, linear and nonlinear terms contribute to the system behavior
around the resonance (where dominant hardening nonlinearity and
jump phenomenon are observed) while the linear term is the most
significant one at off-resonance frequencies. In practice, as one moves
away from the resonance condition, the displacement z of the me-
chanical M-shaped structure (governed by Equations (1)) decreases.
Since the equivalent voltages Vk2 and also Vb2, Vk3, Vk4, and Vk5 de-
crease proportionally to z2, z3, z4 and z5, respectively, the voltage terms
representing the higher-order polynomial present a higher voltage drop
in off-resonance regions. Fig. 15 also shows that the high-amplitude
branch is due to a combination of all voltages (or all linear and non-
linear mechanical terms).

4. Conclusions

This paper presents a novel equivalent electrical circuit framework
for electromechanically coupled linear and nonlinear systems with a
focus on piezoelectric structures. The proposed linear and nonlinear
equivalent circuit framework can easily represent high quality factor
mechanical systems for applications spanning from energy harvesting

to vibration control. Most of the existing equivalent circuits reported in
the literature are RLC arrangements to represent mass, damping and
stiffness of electromechanical systems, while ideal transformers re-
present the electromechanical coupling. Although such configurations
are widely employed for numerical analysis in circuit simulation soft-
ware, their experimental implementations are not trivial. Especially in
the particular case of high quality factor mechanical systems, the
equivalent internal resistance of RLC circuits is usually large and ideal
transformers or dependent sources cannot be easily obtained in an ex-
perimental circuit setting. The equivalent circuit approach proposed in
this work overcomes such issues by eliminating the need for lossless
ideal circuit components to represent a given linear or nonlinear elec-
tromechanical system.

The proposed equivalent circuit framework makes use of simple
analog components such as resistors, integrated circuits (operational
amplifiers and voltage multipliers), diodes and capacitors. Details for
the practical implementation of the circuit are provided, which includes
the electrical representation of stiffness and damping nonlinearities as
well as a new approach to represent the electromechanical coupling
(using operational amplifiers) of the system.

The equivalent circuit is validated for two different cases. In the first
one, the equivalent electrical circuit of a high quality factor linear
mechanical system is investigated. Experimental results obtained from
a breadboard implementation of the equivalent circuit show good
agreement with numerical results from system-level simulations. In the
second case study, the equivalent electrical representation of a high
quality factor nonlinear electromechanically coupled system (a non-
linear piezoelectric energy harvester) is discussed. Nonlinear stiffness
and nonlinear damping are considered in the circuit representation
together with the new op-amp-based representation of the electro-
mechanical coupling. Experimental results obtained from breadboard
implementation of the equivalent circuit are successfully validated
against published data from the literature. The proposed equivalent
nonlinear circuit and electromechanical system framework paves the
way for the design, analysis, and experimental realization of electrical
circuits emulating nonlinear structures, such as nonlinear vibration
absorbers and energy sinks.
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Appendix. Adjustment of the voltage level

For the proper operation of the circuit in Fig. 1, all op-amps and analog IC devices must generate high output voltages that do not exceed the
saturation level. Then, each voltage output shown in Fig. 1 is given by

= =
= =

= =

= =
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where βm y* , βb y1 , βmz, βb z1 , βk z1 , βk2, βk3, βk4, βk5, and βb2 are proportionality coefficients. The purpose of these coefficients is to amplify the voltage
output of op-amps and analog IC even if the force terms (of a mechanical system) presents low levels.

The value of the coefficients can be obtained based on the frequency response of the force term of Equation (1). As an example, Fig. 16 shows the
frequency response of a system with predominant hardening effect. The maximum value of each force term is highlighted in this figure, while fri and
frf represent the frequency bandwidth of interest in the system.

Fig. 15. Frequency behavior of the nonlinear voltage terms (Vk2, Vk3, Vk4, Vk5

and Vb2).
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The coefficients βm y* , βb y1 , βmz, βb z1 , and βk z1 are defined based on the maximum value of each force term (m y*¨, b ẏ1 , mz̈ , b ż1 and k1z) such that,

= =

= =
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m y
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where Vsat is the saturation voltage, α is a safety factor (0< α<1) used to ensure the op-amps and the analog IC components do not reach the
saturation level, and max ( · ) is the maximum value assumed by the mechanical term of Eq. (1a) in the frequency response shown in Fig. 17. The
coefficients βk2, βk3, βk4, βk5, and βb2 are obtained as a function of the coefficients βk z1 , βb z1 and βb y1 , such that

= − −
β

β k β k
k10ki

ki i k z

i

1 1 11

(18a)
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β b

b
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10b
b yz

2
1

2

2

1

(18b)

Note that the coefficients βk2, βk3, βk4, βk5, and βb2 result from Eq. (9) of the analog voltage multiplier IC AD633JN, while the coefficient βb yz1
results from the summation performed by the electrical components Rs10, Rs11, and the op-amp OA1 (Fig. 5a). Fig. 17 shows the amplified voltage
output (using coefficients β) for each term equivalent to the mechanical forces. As can be observed, the voltage terms Vm y* , Vb y1 , Vmz, Vb z1 , and Vk z1

present same maximum value (αVsat). Although the nonlinear voltage terms Vk2, Vk3, Vk4, Vk5, and Vb2 are not shown in Fig. 17 (for clarity), they have
similar maximum voltage levels.
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