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Numerical and experimental investigations of broadband random vibrational energy harvesting using
monostable and bistable piezoelectric cantilevers are presented along with relative performance
comparisons. Simulations and experiments reveal that a linear-monostable energy harvester can
outperform its bistable counterpart for very low and relatively high random excitation levels. The
bistable configuration generates more power for a limited excitation intensity range slightly above
the threshold of interwell oscillations. Under broadband stochastic excitation, a bistable energy
harvester can potentially be preferred only if it is designed to operate at a known excitation intensity,
C 2013 American Institute
otherwise using a monostable harvester can be more robust and practical. V
of Physics. [http://dx.doi.org/10.1063/1.4795296]
Recent efforts by several research groups have focused
on exploiting nonlinear dynamic phenomena for frequency
bandwidth and performance enhancement in vibrationbased energy harvesting.1,2 In particular, monostable3–7 and
bistable8–16 nonlinear oscillators and physical systems
involving such nonlinear stiffness characteristics have been
subject to extensive investigation. Frequency-wise and
amplitude-wise bifurcations under harmonic excitation
have been well studied with demonstrations of performance
enhancement by leveraging nonlinear energy harvesters
provided that the preferred high-energy response is
achieved (depending on the excitation level and initial conditions). Rather limited work exists on the stochastic excitation of nonlinear energy harvesters as summarized in the
following, particularly to compare and clarify the relative
advantages of bistable and monostable configurations.
As an early work on random vibrational energy harvesting involving nonlinearities, McInnes et al.17 presented a theoretical investigation of using stochastic resonance in a
bistable system and suggested that the power output could be
enhanced by adding periodic forcing to the white noise-type
stochastic excitation. Two alternative physical bistable piezoelectric energy harvester systems (employing magnetoelastic
buckling to create bistability), were contemporaneously
reported by Cottone et al.8 and Erturk et al.9 in early 2009 for
investigating stochastic and harmonic excitations, respectively. Cottone et al.8 and Gammaitoni et al.10 studied the stochastic dynamics of a bistable oscillator subjected to Gaussian
random excitation, and suggested that nonlinear oscillators
can outperform their linear counterparts under random excitation. Daqaq18 theoretically investigated a monostable Duffing
oscillator for electromagnetic energy harvesting under
white Gaussian and colored excitations, and showed that a
nonlinear-monostable energy harvester does not outperform
its linear counterpart under white noise excitation. Barton
et al.19 examined a nonlinear-monostable electromagnetic
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energy harvester subjected to harmonic and random excitations. Their experimental results19 were in agreement with the
previous conclusion18 that the nonlinear-monostable harvester
did not provide an advantage over its linear counterpart under
broadband random excitation. Daqaq20 provided a theoretical
investigation into the response of a bistable electromagnetic
energy harvester to white and exponentially correlated
Gaussian noise. It was concluded that the potential shape had
no influence on the expected power, so that the linearmonostable and bistable harvesters provided the same power
outputs under white Gaussian noise. Litak et al.21 numerically
simulated a bistable energy harvester9 under Gaussian white
noise excitation and reported the correlation between the voltage output and standard deviation of excitation.
Although there have been comparisons of bistable and
linear-monostable energy harvesters under harmonic excitation9,11,22 (pointing out the importance of excitation level
and initial conditions to truly exploit nonlinear phenomena),
the conclusions in the existing literature concerning the stochastic excitation of these two systems are lacking consistency and completeness. The aim of the present work is
therefore to investigate the relative advantages of bistable
and linear-monostable energy harvesters by focusing on a
physical system over a wide range of noise intensity levels
under broadband random excitation.
Figures 1(a) and 1(b) show schematics of typical monostable and bistable piezoelectric energy harvester configurations. In both systems, the elastic ferromagnetic cantilever is
bracketed by two symmetric piezoelectric laminates at the
root. The bistability in Fig. 1(b) is obtained simply by locating
two magnets near the tip symmetrically following Erturk
et al.9,11 (to form a piezomagnetoelastic structure based on
the original magnetoelastic structure by Moon and Holmes23).
Alternative symmetric bistable beam configurations are due
to Cottone et al.,8 Stanton et al.,12 and Masana and Daqaq22
while an asymmetric bistable plate arrangement was investigated by Arrieta et al.14
The linear monostable energy harvester (Fig. 1(a)) has
the dimensionless governing electromechanical equations of
the following form:
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Fig. 1(c). The governing electromechanical equations of the
bistable energy harvester are then
x€ þ 2fx_  x þ x3  hv ¼ f ðtÞ;

(3)

gv_ þ v=q þ hx_ ¼ 0;

(4)

where the system parameters are as defined with Eqs. (1)
and (2).
It is required to define a practical parameter representing
the relative standing of monostable and bistable energy harvesters in order to correlate the simulations and experiments
for qualitative comparisons. Here, the linear natural frequencies for small oscillations are taken as the bases to later correlate the numerical simulations with experiments. The
linearized form of Eqs. (3) and (4) for small intrawell oscillations (due to x ¼ x  1 or x ¼ x þ 1 transformation and then
linearization by assuming unchanged damping ratio) around
either one of the symmetric potential wells is

FIG. 1. Schematics of (a) monostable and (b) bistable piezoelectric energy
harvesters under broadband random base excitation; (c) potential energy surface of a Duffing oscillator (a > 0 is bistable) along with the potential
energy curve of a bistable configuration with shallow potential wells
(a ¼ 1); (d) comparison of linear FRFs of the monostable and bistable
(a ¼ 1) configurations for small oscillations around their respective stable
static equilibria (f ¼ 0:01, g ¼ 1, h ¼ 0:1, q ! 1).

x€ þ 2fx_ þ x  hv ¼ f ðtÞ;

(1)

gv_ þ v=q þ hx_ ¼ 0;

(2)

where f ðtÞ is the broadband random forcing due to base excitation, xðtÞ is the displacement response at the free end of the
cantilever, vðtÞ is the voltage output across the electrical
load, g is the equivalent capacitance of the piezoelectric
layers, q is the resistive electrical load, h is the electromechanical coupling, f is the mechanical damping ratio, and an
over-dot represents differentiation with respect to dimensionless time. The restoring elastic force of the linear monostable
energy harvester is therefore derived from a dimensionless
quadratic potential energy of the form UðxÞ ¼ x2 =2.
A bistable energy harvester (Fig. 1(b)) has the dimensionless quartic potential energy of the form Uðx; aÞ ¼ ax2 =2
þx4 =4; a > 0; which yields the surface of Fig. 1(c) for a
range of a values (both negative and positive) and displacement x. It is important to note that this surface represents the
generalized potential energy of a Duffing oscillator: monostable for a < 0 and bistable for a > 0. The focus in this work is
placed on the bistable case ða > 0Þ with relatively shallow
potential wells, specifically, the case of a ¼ 1 as depicted in

€x þ 2fx_ þ 2
x  hv ¼ f ðtÞ;

(5)

gv_ þ v=q þ hx_ ¼ 0:

(6)

The linear short-circuit (q ! 0, hence v ! 0) natural frequencies of p
the
ﬃﬃﬃ monostable and bistable systems are, therefore, 1 and 2, respectively. For the linear systems of Eqs.
(1) and (2) and Eqs. (5) and (6), the open-circuit voltage output per force input frequency response functions (FRFs) are
shown in Fig. 1(d). This picture is of importance for qualitative comparison of monostable and bistable systems in the
experiments as mentioned previously.
The base excitation (vibration input) resulting in the mechanical forcing is assumed to be d-correlated Gaussian
white noise, which is a random process that ideally has a flat
power spectral density (PSD). To be close to this assumption, it is ensured in the numerical simulations that the fundamental resonance frequency (the only resonance frequency
in the single degree of freedom representation) is well covered with a flat PSD for both monostable and bistable configurations. The simulations in the following employ Fourier
series representation of the Gaussian white noise to solve the
governing first-order ordinary differential equations in a
Runge-Kutta scheme.24 An alternative process is to employ
an Euler-Maruyama scheme to directly solve the stochastic
differential equations as done by Ferrari et al.,15 Litak
et al.,21 and Zhao and Erturk.24
For a Gaussian noise process with zero mean value, the
expected (mean) power output in monostable and bistable
energy harvester systems is given by E½PðtÞ ¼ r2v =q, where
rv is standard deviation of voltage output across the load. For
very low excitation levels resulting in linear random oscillations around x ¼ 0 in Eqs. (1) and (2) (for the monostable
case) and around x ¼ 1 or x ¼ 1 in Eqs. (5) and (6) (small
intrawell oscillations for the bistable case), the random
response energy is low and it can be shown analytically24–26
(e.g., one can use Eq. (27) in Ref. 24) that the monostable
harvester can outperform the bistable one for optimal power
generation (this is later visualized in Fig. 5(a)). The next two
particular forcing levels that are of specific interest in the
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present work are moderately low excitation that is sufficient
for the bistable configuration to have random interwell oscillations (i.e., slightly above the potential barrier) and higher
excitation where interwell oscillations for the bistable configuration are guaranteed (i.e., well above the potential barrier)
while the monostable response is also large.
Figures 2(a) and 2(b) display two cases of typical random excitation history f ðtÞ, its flat PSD for a broad range of
frequencies, and comparison of the voltage output vðtÞ versus
_ trajectories of bistable and monostable harvestvelocity xðtÞ
ers for the optimal electrical load ðqopt Þ of each configuration. Figure 2(a) shows simulations at a relatively low
excitation level (rf ¼ 0:26) for which the bistable harvester
has larger electrical and mechanical responses than the
monostable counterpart due to random interwell oscillations
whereas Fig. 2(b) is for a higher excitation level (rf ¼ 0:53)
at which the monostable harvester outperforms the bistable
one. It appears from Fig. 2(a) that a bistable energy harvester
can outperform the monostable counterpart if the harvester
(mainly its potential barrier) is designed (or tuned) for the
specific excitation intensity. Although no comparison relative
to the monostable counterpart was investigated, the behavior
in Fig. 2(a) was formerly pointed out by Cottone et al.8 and
Litak et al.21 as an advantage of the bistable configuration.
For higher excitation levels, however, the monostable energy
harvester outperforms the bistable one according to Fig. 2(b)
even though the latter does exhibit interwell oscillations.
Prior to relative comparison of the monostable and bistable
configurations over the broad rf  q range, we investigate an
experimental system for qualitative verification of the trends
in Fig. 2.
The experimental monostable and bistable piezoelectric
energy harvester configurations are shown in Figs. 3(a) and
3(b), respectively. The monostable configuration (Fig. 3(a))
is obtained by simply removing the two magnets (Fig. 3(c))
that are symmetrically located at the tip of the bistable configuration (Fig. 3(b)). One of the two piezoelectric patches
bracketing the flexible tempered steel substructure beam at
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the root of the cantilever is displayed in Fig. 3(d). For small
oscillations around the static equilibria of the monostable
and bistable configurations, the open-circuit voltage output
per base acceleration FRFs are given in Fig. 3(e). The experimental monostable and bistable systems have the linear
resonance frequencies of 4.7 Hz and 7.2 Hz, respectively.
Therefore, the relative standing of the bistable and monostable energy harvesters is very close to those of the numerical
system described in Fig. 1 (cf. Figs. 1(d) and 3(e)). Further
investigations with the experimental bistable system (not discussed here) reveal that a slight modification in the magnet
spacing for static bifurcation analysis easily makes the system monostable, confirming that the potential wells of the
experimental bistable harvester are indeed shallow (as in the
a ¼ 1 case in Fig. 1(c)). Similar to the numerical case, for
very low excitation levels resulting in small random oscillations around the static equilibria, the monostable system outperforms the bistable one (as later shown in Fig. 5(b)). Of
particular interest are again a moderately low excitation level
that results in interwell oscillations and high excitation for
ensured interwell oscillations in the bistable configuration to
compare with the monostable configuration.
For a base acceleration level of 0.1 g standard deviation
with broad frequency content (sufficiently covering the fundamental mode), the experimentally measured electromechanical response trajectories for the optimal electrical loads
of each configuration are shown in Fig. 4(a). The bistable
configuration at this excitation level exhibits random interwell oscillations, and outperforms the monostable counterpart. For a base acceleration standard deviation of 0.25 g, the
bistable energy harvester exhibits interwell oscillations,
however, the monostable counterpart yields larger electromechanical response as displayed in Fig. 4(b). Therefore,
although the bistable harvester can generate more power if
carefully designed to operate at a specific random excitation
intensity (slightly above the threshold of interwell oscillations), the monostable harvester generates more power for
higher excitation levels even though the bistable one still

FIG. 2. Dimensionless numerical simulations for relatively (a) low (rf ¼ 0:26) and (b) high (rf ¼ 0:53) excitation levels of monostable and bistable energy
harvesters showing the time history and PSD of the excitation force and the electromechanical response trajectories (voltage vs. velocity vs. time) for the optimal electrical load of each configuration.
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FIG. 5. (a) Numerical and (b) experimental surfaces showing the percentage
advantages of the monostable and bistable energy harvesters in power generation relative to each other with changing excitation variance and load resistance (covering the optimal electrical loads of each configuration).

FIG. 3. Experimental (a) monostable and (b) bistable piezoelectric energy
harvester configurations under horizontal base excitation (the bistable configuration is shown with its two stable static equilibria); (c) magnet arrangement at the tip of the bistable configuration; (d) detail of the piezoelectric
patches at the root of the cantilever; (e) open-circuit voltage output FRFs for
very small oscillations around the respective static equilibria of the monostable and bistable configurations.

exhibits interwell oscillations. Note that the experimental
measurements in Fig. 4 exhibit very good agreement with
the numerical results of Fig. 2.
Figures 5(a) and 5(b) present a summary of the relative
performance results of linear-monostable and bistable energy

harvesters in power generation based on the numerical simulations and experimental measurements, respectively. Broad
ranges of excitation variance and electrical load resistance are
covered in Fig. 5 to draw basic conclusions. Briefly, there
exist three specific excitation levels of interest: (1) very low
excitation, (2) moderately low excitation (slightly above the
threshold of interwell oscillations in the bistable configuration), and (3) relatively high excitation. For very low excitation levels resulting in linear oscillations around the
respective static equilibria of monostable and bistable configurations, the monostable harvester outperforms the bistable
one in optimal power generation. Physically the cantilever
cannot escape the magnetic attraction at the respective
focus in the bistable configuration (and exhibits intrawell

FIG. 4. Experimental results for relatively (a) low (ra ¼ 0:1g) and (b) high (ra ¼ 0:25g) excitation levels of monostable and bistable energy harvesters showing the time history and PSD of the excitation force and the electromechanical response trajectories (voltage vs. velocity vs. time) for the optimal electrical
load of each configuration.
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oscillations) whereas the monostable counterpart has no such
constraint and is dynamically more flexible (cf. their resonance frequencies and relative dynamic flexibility in Figs.
1(d) and 3(e)). For moderately low excitation levels (slightly
above the threshold of interwell oscillations), the bistable
energy harvester can outperform its monostable counterpart
due to large random response associated with interwell oscillations. This is the only neighborhood of random excitation
intensity for which the bistable energy harvester can be preferred. If the excitation is relatively high, although the bistable
harvester exhibits more frequent interwell oscillations than
the previously discussed excitation level, the monostable
counterpart generates more power output. Physically, the
source of bistability (the magnetic field in this case) renders
the response bounded while the linear monostable configuration has no such magnetoelastic hindering mechanism.
In summary, the numerical and experimental results
reveal that a bistable energy harvester can potentially be preferred only if it is carefully designed to operate in the neighborhood of a specific random excitation intensity (requiring
a priori knowledge of the excitation intensity level). For
much lower or rather high excitation intensity levels, one
should prefer to employ a linearly behaving monostable
energy harvester to extract larger power output. Since there
is a strong possibility of drastically reducing the power output due to imposing bistability even with shallow potential
wells, it is crucial to check the available noise intensity in
the application to justify the advantage of using a bistable
configuration in harvesting random vibrational energy.
Otherwise, if the excitation intensity is unknown, it can be
more robust and practical to use a monostable configuration.
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