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Abstract
Piezoelectric shunt damping techniques using linear circuits (e.g. resistive-inductive) and
switching circuits (e.g. synchronized switch on inductor) have been extremely well studied for
suppressing resonant vibrations in flexible structures. Both analog circuits and synthetic
impedance circuits with digital control have been explored for linear concepts. In a parallel
body of work, from the domain of mechanical methods of vibration attenuation, it is also known
that leveraging nonlinearities (e.g. stiffness nonlinearity) can enhance the frequency bandwidth
and offer amplitude-dependent suppression over a range of frequencies. However, the existing
piezoelectric shunt damping techniques have been mostly limited to linear or switching
nonlinear circuits, with the exception of a few nonlinear capacitance efforts. This work aims to
introduce cubic inductance to emulate Duffing-type hardening nonlinearity in the shunt circuit
with precise digital programming and tuning capability. Experiments are performed on a
piezoelectric bimorph cantilever under base excitation for concept demonstration and model
validation. First, linear frequency response functions of the cantilever are obtained for the short-
and open-circuit conditions, and for linear resistive-inductive synthetic shunt damping, to
confirm the standard linear behavior and electromechanical model parameters. Then, cubic
inductance is introduced to the circuit and nonlinear experiments (up- and down-frequency
sweep) are conducted. Cantilever tip to base motion transmissibility frequency response is
measured along with piezoelectric voltage to base motion counterpart for a range of base
excitation amplitudes. The distortion of the frequency response curves with increased base
acceleration levels is observed. The nonlinear cubic coefficient is then varied to alter the
manifestation of nonlinear frequency response at a given base excitation level, demonstrating
the ease of tuning and triggering the nonlinear behavior on demand by means of the
digitally-controlled synthetic impedance shunt. Nonlinear electromechanical model simulations
are also validated against the experiments, yielding a very good agreement.
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1. Introduction

The study of nonlinearity in dynamical systems has captiv-
ated researchers for decades not only for a fundamental under-
standing but also to leverage nonlinear dynamic phenomena
in engineering problems. The broad range of examples span
from vibration absorption [1, 2] and isolation [3, 4] to energy
harvesting [5], where designed and intentionally introduced
nonlinearities can be exploited for performance and bandwidth
enhancement. In some cases, inherent material nonlinearities
also need to be understood and accurately modeled [6, 7].
The focus of our present work is the domain of research that
leverages nonlinearities in vibration absorption. Researchers
have long explored the performance of a nonlinear mechanical
oscillator attached to a linear primary system [8–10]. Intro-
ducing nonlinearities via monostable and bistable absorbers
enhanced the vibration mitigation performance compared to
their linear counterparts.

Since traditional mechanical vibration absorption methods
cause considerable mass loading, which is not tolerable in a
variety of applications (e.g. aerospace structures), piezoelec-
tric shunt damping [11, 12] has been widely used in the field of
vibration attenuation, especially for flexible and light-weight
structures. Numerous works have explored different types of
linear and nonlinear piezoelectric shunt damping techniques.
Beyond the linear shunt circuits (such as standard resistive-
inductive circuits [13]), state switched shunts [14, 15] and syn-
chronized switching damping [16–19] have been proposed.
Others have explored nonlinear inductive and capacitive cir-
cuit elements for vibration absorption [20, 21] (numerically
or through analog circuit components). Essentially nonlinear
piezoelectric shunt circuitry [22, 23] approaches were also
investigated for the realization of a nonlinear energy sink for
wideband absorption. Relying on nonlinear material (ferro-
electric) capacitance [22] and analog circuits components [23]
are relatively limited in terms of tunability, and analog circuits
can often be cumbersome.

An easily tunable and programmable approach to elec-
tromechanical vibration absorption is the use of synthetic
impedance circuits, which emulate the impedance of arbit-
rary electrical circuits by supplying current to the primary sys-
tem in response to piezoelectric voltage (more as a synthetic
admittance in that regard). The main advantage of applying
synthetic impedance circuitry over analog piezoelectric shunt
damping is the significantly greater flexibility and precision in
realizing arbitrary shunt circuit elements and their tuning via
digital signal processing. There have been several efforts lever-
aging linear synthetic impedance circuits. Fleming et al [24]
proposed a simple synthetic impedance circuit for piezoelec-
tric shunt damping applications. More recently, Matten et al
[25] developed a digital synthetic impedance for shunting a
piezoelectric element with experimental validation. Likewise,
Nečásek et al [26] designed and tested a device capable of
emulating different forms of electrical impedances. In most of
the existing efforts, linear synthetic impedance circuits have
been successfully applied for vibration suppression, with the
exception of nonlinear capacitance in a recent work [27]. Our
present work aims to focus on nonlinear (cubic) hardening

inductance (of Duffing type) and its realization and program-
mability via synthetic impedance shunt.

In the following, we demonstrate a programmable nonlin-
ear synthetic impedance circuit shunted to a linear primary
structure. The focus is placed on digitally programmable non-
linear circuit emulation capability rather than designing and
optimizing a vibration absorber. Specifically, we demonstrate
a strongly nonlinear Duffing-type inductance with hardening
cubic nonlinearity and the tunability of the nonlinear coeffi-
cient. In section 2, a brief overview of the synthetic imped-
ance circuit is given. The derivation of the governing equations
of the system is discussed in section 3, starting from lin-
ear shunts with resistive and resistive-inductive circuits (for
linear parameter validation) and extending to the nonlinear
shunt by introducing a cubic inductor to the linear resistive-
inductive shunt. The system response is modeled for time-
domain numerical simulations to predict the experimental fre-
quency response functions (FRFs) of vibration transmissibility
and voltage output. Section 4 presents experimental demon-
stration of the hardening Duffing circuit and validation of the
electromechanical model simulations. A series of experiments
are conducted for a range of mechanical excitation levels and
nonlinear coefficients.

2. Nonlinear synthetic impedance circuit

Synthetic impedance [24–26] is a type of voltage-controlled
current source (VCCS) that emulates an arbitrary two-terminal
circuit element. The relationship between current output
and voltage input is implemented using a digital controller,
which enables the creation of arbitrary linear/nonlinear and
static/time-varying circuit components. In this work, synthetic
impedance is implemented using a Howland current pump
(HCP) and an National Instruments CompactRIO controller
operating at 200 kHz. The circuit diagram is shown in figure 1.

The relationship between the input voltage (i.e. the piezo-
electric voltage) and the supplied current i(t) is given by

i(t) =
vo(t)
Rc

=
H{vp(t)}

Rc
(1)

where Rc is a reference resistance in the circuit and
vo(t) =H{vp(t)} is the output voltage from the controller, cal-
culated as a nonlinear integro-differential operatorH acting on
the measured piezoelectric voltage vp(t). By varying the beha-
vior of the digital controller, the form of the operator H can
be varied, thus enabling the creation of arbitrary circuit non-
linearities of the form i(t) = Y{vp(t)}, where Y =H/Rc is a
nonlinear circuit admittance. For the purpose of this work, the
circuit operator H is assumed to take the form

H{vp(t)}= Kpvp(t)+Ki

ˆ t

0
vp(τ)dτ

+Kc

(ˆ t

0
vp(τ)dτ

)3

(2)

where Kp, Ki, and Kc are the proportional, integral, and
integral-cubic gains respectively. This form of H realizes the

2



Smart Mater. Struct. 31 (2022) 095044 O Alfahmi et al

Figure 1. HCP-based synthetic impedance circuit with a nonlinear
controller with operator H.

parallel connection of a resistor, inductor, and nonlinear cubic
inductor. To realize this behavior experimentally, the integrals
are approximated on the digital controller using the trapezoidal
rule. The gains Kp, Ki, and Kc can be smoothly varied using
a LabVIEW interface that interfaces with the Field Program-
mable Gate Array, such that both the linear and nonlinear
behavior of the circuit can be externally tuned.

3. Modeling and analysis of the electromechanical
system

3.1. Modeling assumptions and structural parameters

The coupled electromechanical system being modeled con-
sists of a clamped-free bimorph cantilevered beam (with sym-
metric laminates) under harmonic base excitation shunted to a
synthetic impedance circuit which emulate linear and nonlin-
ear electrical components. The piezoelectric layers, attached to
each side of the substructure layer, are connected in series with
opposite poling directions along the thickness of the piezoelec-
tric layers to facilitate the experimental setup. Figures 2(a), (b)
and (c), respectively, illustrate the configuration of the canti-
lever shunted respectively to a linear resistor, a linear resistor
and a linear inductor connected in parallel, and finally a linear
resistor, a linear inductor and a nonlinear inductor connected
in parallel.

Table 1 lists the geometric and material properties of for the
brass-reinforced thin piezoelectric bimorph cantilever used in
the experiments. Since the length to total thickness ratio of
the beam is high (more than 80) and since the focus will be
placed on the first bending mode, the Euler-Bernoulli beam
theory is justified, in which rotary inertia and shear deforma-
tion are neglected. The base of the beam undergoes harmonic
displacement in the transverse direction of the beam. It is
also assumed that the system exhibits low excitation levels in
order to keep the material nonlinearities [6] negligible. Fur-
thermore, the beam is stiff and/or the excitation levels are also
low enough so the geometric hardening and inertial softening

effects [7] of the cantilever are not pronounced. The individual
piezoelectric and substructure materials are assumed to be uni-
form and homogeneous. The electrodes on each side of the
piezoelectric layers are assumed to be negligibly thin (and are
perfectly conductive) so that their thicknesses can be disreg-
arded in the model.

3.2. Review of the linear electromechanical system

A brief review of the linear distributed-parameter elec-
tromechanical system is given first. The governing linearized
equations of motion of the bimorph cantilever beam (shunted
to a linear electrical circuit) under harmonic base excitation
[28, 29] are

EI
∂4wrel(x, t)

∂x4
+ csp

∂5wrel(x, t)
∂x4∂t

+ cmp
∂wrel(x, t)

∂t

+m
∂2wrel(x, t)

∂t2
−ϑvp(t)

(
dδ(x)
dx

− dδ(x− l)
dx

)
=−md2wb(t)

dt2
(3)

Cp
dvp(t)
dt

+Yvp(t)+ϑ

ˆ l

0

∂3wrel(x, t)
∂x2∂t

dx= 0 (4)

where wrel(x, t) is the transverse displacement of the beam at
position x and time t, relative to the transverse base displace-
ment wb(t); vp(t) is the voltage across the shunt (i.e. across
the electrode leads), csp and cmp are the stiffness-proportional
(strain-rate) and mass-proportional (viscous air) damping
coefficients, respectively; ϑ is the electromechanical coupling
term, δ is the Dirac delta function, and Y is the external shunt
admittance across the electrode pair. The expressions for the
bending stifness,EI, of the beam cross-section for the short cir-
cuit condition, the mass per unit length,m, the electromechan-
ical coupling term, ϑ, and the equivalent inherent capacitance
of the two piezoelectric layers connected in series, Cp, can be
found in [28, 29] for plane-stress conditions.

One can express the vibration response relative to the mov-
ing base as a modal expansion in terms of the undamped
short-circuit rth mode shape (mass-normalized eigenfunc-
tion), ϕr(x), and the rth modal coordinate, ηr(t):

wrel(x, t) =
∞∑
r=1

ϕr(x)ηr(t), (5)

where

ϕr(x) =

√
1
ml

[
cos

λr
l
x− cosh

λr
l
x+

sinλr− sinhλr
cosλr+ coshλr

×
(
sin

λr
l
x− sinh

λr
l
x

)]
. (6)

Here, the eigenvalue of the rth mode of the system, λr is
obtained from the characteristic equation given by

1+ cosλcoshλ= 0. (7)
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Figure 2. Bimorph piezoelectric cantilever shunted to the emulated electrical components: (a) linear resistor; (b) linear resistor and linear
inductor connected in parallel; (c) linear resistor, linear inductor and nonlinear cubic inductor connected in parallel. The beam is clamped at
its base and free at the other end. wb(t) is the displacement of the base of the beam as a function of time. The piezoelectric part is
represented by a current source ip(t) in parallel to an equivalent capacitor Cp.

Table 1. Material and geometric properties of the bimorph piezoelectric cantilever used in the experiments.

Parameter Definition Value

ρp Mass density of the piezoelectric layer 7800 kgm−3

ρs Mass density of the substructure layer 8500 kgm−3

c̄E11 Elastic modulus of the piezoelectric layer at constant electric field 66GPa
cs Elastic modulus of the substructure layer 100GPa
ē31 Piezoelectric stress constant −12.3 Cm−2

ε̄S33 Dielectric permittivity at constant strain 14.8 nFm−1

Cp Equivalent capacitance of the two piezolectric layers 52 nF
l Length of the beam 57.9mm
b Width of the beam 31.75mm
hp Thickness of each piezoelectric layer 0.267mm
hs Thickness of the substructure layer 0.127mm

Substituting the modal expansion equation (5) into the
governing equations (3) and (4) and applying orthogonal-
ity conditions, one can obtain the modal electromechanical
equations as

d2ηr(t)
dt2

+ 2ζrωr
dηr(t)
dt

+ω2
r ηr(t)− θrvp(t) = fr(t) (8)

Cp
dvp(t)
dt

+Yvp(t)+
∞∑
r=1

θr
dηr(t)
dt

= 0 (9)

where ζr is the modal damping ratio (which can be expressed
in terms of stiffness-proportional and mass-proportional
damping coefficients [29]), ωr is the rth undamped natural fre-
quency of the beam in short-circuit condition obtained from

ωr = λ2
r

√
EI
ml4

. (10)

The modal forcing due to an arbitrary base motion, fr(t), and
the modal electromechanical coupling term, θr, are respect-
ively given by

fr(t) =−md2wb(t)
dt2

ˆ l

0
ϕr(x)dx (11)

θr = ē31bhpc
dϕr(x)
dx

∣∣∣∣
x=l

(12)

where hpc is the distance from the neutral axis to the center of
the piezoelectric layer (in thickness direction), b is the width
of the piezoelectric layer, and ē31 is the piezoelectric constant
(table 1).

For harmonic base excitation of the form Wb(t) =W0e jωt,
the voltage and the vibration FRFs, per base acceleration are

vp(t)
−ω2W0e jωt

=

∞∑
r=1

−jωθrσr
ω2
r−ω2+j2ζrωrω

Y+ jωCeq
p +

∞∑
r=1

jωθ2
r

ω2
r−ω2+j2ζrωrω

(13)

wrel(l, t)
−ω2W0e jωt

=

∞∑
r=1


σr− θr

∞∑
r=1

jωθrσr
ω2
r−ω2+j2ζrωrω

Y+ jωCeq
p +

∞∑
r=1

jωθ2
r

ω2
r−ω2+j2ζrωrω



× ϕr(l)
ω2
r −ω2 + j2ζrωrω

 (14)
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where

σr =−m
ˆ l

0
ϕr(x)dx. (15)

Note that the emulated circuit admittance Y is a linear admit-
tance here, e.g. resistive or resistive-inductive as in figures 2(a)
and (b). The summation signs can be dropped when the focus
is placed on the first vibration mode (r= 1 only) which will be
the case in the experiments of this work.

3.3. Nonlinear system and its electromechanical modeling

In the synthetic impedance (VCCS), substituting (2) into
(1), the current supplied by the synthetic impedance circuit
becomes

i(t) =
Kp
Rc
vp(t)+

Ki
Rc

ˆ t

0
vp(τ)dτ

+
Kc
Rc

(ˆ t

0
vp(τ)dτ

)3

. (16)

The governing electromechanical equations for the canti-
levered piezoelectric structure for vibrations around the first
bending mode become

d2wrel(l, t)
dt2

+ 2ζ1ω1
dwrel(l, t)

dt
+ω2

1wrel(l, t)

−ϕ1(l)θ1vp(t) = ϕ1(l)f1(t) (17)

Cp
dvp(t)
dt

+
θ1

ϕ1(l)
dwrel(l, t)

dt

+
1
Rb
vp(t)+

Kp
Rc
vp(t)

+
Ki
Rc

ˆ t

0
vp(τ)dτ +

Kc
Rc

(ˆ t

0
vp(τ)dτ

)3

= 0 (18)

where ω1 is the fundamental undamped natural frequency of
the beam in short-circuit conditions; ζ1, θ1, ϕ1(l) and f1(t) are
the the first bending mode’s damping ratio, the modal elec-
tromechanical coupling term, the eigenfunction evaluated at
the tip of the beam, and the modal forcing due to base excita-
tion, respectively, andRb is the bias resistance used to dissipate
DC bias current from the op-amp inputs. One can rewrite the
governing equations in terms of the emulated electrical com-
ponents, namely the linear resistor, R, the linear inductor, L,
and the nonlinear cubic inductor, Lc:

d2wrel(l, t)
dt2

+ 2ζ1ω1
dwrel(l, t)

dt
+ω2

1wrel(l, t)

−ϕ1(l)θ1vp(t) = ϕ1(l)f1(t) (19)

Cp
dvp(t)
dt

+
θ1

ϕ1(l)
dwrel(l, t)

dt
+

1
R
vp(t)

+
1
L

ˆ t

0
vp(τ)dτ +

1
Lc

(ˆ t

0
vp(τ)dτ

)3

= 0 (20)

where the emulated electrical components are

R=
RcRb

KpRb+Rc
, L=

Rc
Ki

, Lc =
Rc
Kc

. (21)

We will directly explore strongly nonlinear scenarios (with
the jump phenomenon etc) and employ time-domain numer-
ical solution to solve the governing nonlinear differential
equations. To this end, we cast the governing equations into
first-order form by using the following state variables:

x1 = wrel(l, t), x2 =
dwrel(l, t)

dt
,

x3 =
ˆ t

0
vp(τ)dτ, x4 = vp(t), (22)

yielding

ẋ1 = x2

ẋ2 =−ω2
1x1 − 2ζ1ω1x2 +ϕ1(l)θ1x4 +ϕ1(l) f1(t)

ẋ3 = x4

ẋ4 =− θ1
ϕ1(l)Cp

x2 −
1
LCp

x3 −
1
RCp

x4 −
1

LcCp
x33. (23)

Then, the Runge–Kutta method (ode45 in MATLAB) is used
to solve the state variables at steady state for a range of excita-
tion frequencies. The root mean square (RMS) values of the
responses are obtained for plotting the frequency response
curves to compare with the experiments.

3.4. Representative analytical and numerical simulations of
the system response

To ensure the accuracy of the numerical model in predicting
the FRFs of the bimorph cantilever under harmonic base excit-
ation, time-domain numerical simulation results are compared
with the analytical ones for the resistive shunt and the resistive-
inductive shunt scenarios (figures 2(a) and (b), respectively).
Linear voltage and transmissibility FRFs for the resistive shunt
and the resistive-inductive shunt cases are shown in figures 3
and 4, respectively, with a select resistor case for time-domain
numerical simulation. The results show excellent agreement
between the numerical and the analytical models.

A set of nonlinear simulations are performed next. In
order to observe the effect of base acceleration amplitude on
the frequency response of the nonlinear system with cubic
inductance (figure 2(c)), we numerically simulate the sys-
tem response considering continuous range of base acceler-
ation levels for an arbitrarily selected nonlinear coefficient,
Kc = 3× 106ΩH−3. Figure 5 depicts heatmaps of the voltage
and transmissibility FRFs of the nonlinear system with up-
sweep and down-sweep scenarios. Both linear and nonlinear
results are experimentally validated in the next section.
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Figure 3. (a) Voltage and (b) transmissibility FRFs (in magnitude form) of the bimorph cantilever shunted to a linear resistive circuit
(analytical simulations and time-domain numerical simulations for a select resistive load); (c) schematic of the shunted bimorph for this case.

Figure 4. (a) Voltage and (b) transmissibility FRFs (in magnitude form) of the bimorph cantilever shunted to a linear resistive-inductive
circuit (analytical simulations and time-domain numerical simulations for a select resistive load); (c) schematic of the shunted bimorph for
this case.
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Figure 5. (a) Up-sweep and (b) down-sweep numerical simulations of the voltage and transmissibility frequency response curves
(magnitude form) of the bimorph cantilever shunted to a nonlinear circuit comprising a linear resistor, linear inductor, and nonlinear positive
cubic inductor for a range of base acceleration levels; (c) schematic of the shunted bimorph for this case.

4. Experimental demonstration and model
validation

4.1. Experimental procedure

In order to demonstrate the nonlinear synthetic inductance and
to validate the numerical model, a series of experiments are
conducted. First, linear transmissibility and voltage FRFs are
obtained for the emulated linear synthetic shunt cases, with
the bimorph cantilever beam connected to a linear resistive
shunt then to a linear resistive-inductive shunt, as depicted
in figures 2(a) and (b), respectively, and linear model para-
meter identification (e.g. damping) and model updating are
performed. In both cases, namely R and RL shunt circuits,
the resistance value is swept from short-circuit to open-circuit
conditions. The linear parameters are then applied to the non-
linear numerical model along with the nonlinear coefficient to
demonstrate the nonlinear shunt and to evaluate the fidelity of
the nonlinear model in predicting the nonlinear system dynam-
ics. The nonlinear shunt, as previously mentioned, comprises a
linear resistor, a linear inductor, and a nonlinear cubic inductor
connected in parallel as shown in figure 2(c).

In order to capture the jump phenomenon expected from
the saddle-node bifurcations of the Duffing nonlinearity, the

Table 2. Electrical circuit parameters in the synthetic impedance
circuit.

Parameter Definition Value

Rc Reference resistance 1× 104 (Ω)
Rb Bias resistance 1× 106 (Ω)
Kp Proportional gain −0.015
Ki Integral gain 185(ΩH−1) or (Hz)
Kc Integral-cubic gain 1× 106 → 5× 106 (ΩH−3)

experiments are performed as up and down frequency sweeps
with a low rate of 3Hzmin−1. Since the response of the beam
in the nonlinear system depends on the base excitation amp-
litude, the experiments are conducted at various RMSvalues of
the base acceleration amplitude (15, 20, 25 and 30mg, where g
is the gravitational acceleration), with a constant base acceler-
ation at each sweep. Up and down sweeps are performed from
60 to 160Hz at each base excitation level to capture the first
bendingmode of the beam. The selected parameters in the non-
linear synthetic impedance circuits are shown in table 2. Note
that the integral-cubic gain is varied as the nonlinear coeffi-
cient and the same base acceleration levels are tested for each
case.

7
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Figure 6. An overview of the experimental setup showing the bimorph piezoelectric cantilever under base excitation shunted to synthetic
impedance circuit and various equipment employed in excitation and measurement.

Figure 7. (a) Voltage and (b) transmissibility FRFs (in magnitude form) of the bimorph beam shunted to a resistor. Experimental results are
plotted in dashed black lines while colored lines represent analytical solution. Numerical prediction is shown in blue markers.

4.2. Experimental setup

An overview of the experimental setup is displayed in figure 6.
The beam is clamped vertically to the armature of an APS-
400 electrodynamic exciter, which is driven by an APS 145
power amplifier. The base acceleration is measured by a
C114973 Kistler accelerometer that is connected to Kist-
ler power supply, while the beam tip transverse velocity is
measured using a Polytec OFV-505 laser Doppler vibrometer
(LDV). The LDV is controlled by a Polytec OFV-5000 vibro-
meter controller. The voltage across the piezoelectric elec-
trodes ismeasured directly from the beam. The data is acquired
using a National Instruments Module 4431-2. In the linear
FRF extraction experiments, low-intensity white noise is used
as the input to the shaker to avoid any nonlinearity. In the

nonlinear experiments, the shaker is controlled by a SPEK-
TRAVCS-201 vibration controller, which uses feedback from
the base accelerometer to maintain a constant acceleration
level during up and down sweeps at the mentioned slow
rate.

4.3. Results and discussion

In the experiments, linear shunt circuit elements are emu-
lated first. The voltage to base acceleration and transmiss-
ibility FRFs of the beam shunted to a linear resistor are
shown in figure 7. The FRFs illustrate the effect of chan-
ging the resistance load from the short circuit (R→ 0) to the
open circuit (R→∞), passing through the optimal resistance

8
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Figure 8. (a) Voltage and (b) transmissibility FRFs (in magnitude form) of the bimorph beam shunted to a resistor and inductor connected
in parallel. Experimental results are plotted in dashed black lines while colored lines represent analytical solution. Numerical prediction is
shown in blue markers.

Figure 9. (a) Voltage and (b) transmissibility frequency response curves (in magnitude form) of the bimorph beam shunted to the nonlinear
circuit with nonlinear cubic coefficient Kc = 1× 106ΩH−3. Experimental results are plotted in dashed lines while markers represent
numerical predictions.

Figure 10. (a) Voltage and (b) transmissibility frequency response curves (in magnitude form) of the bimorph beam shunted to the
nonlinear circuit with nonlinear cubic coefficient Kc = 2× 106ΩH−3. Experimental results are plotted in dashed lines while markers
represent numerical predictions.

near R= 30kΩ. Similarly, the FRFs are obtained for lin-
ear resistive-inductive shunt damping for a range of res-
istive loads to confirm the standard linear synthetic circuit
dynamics as shown in figure 8. Overall, both figures 7 and 8
show excellent agreement between the analytical, numerical
(i.e. time-domain), and experimental results, validating

the linear electromechanical model parameters for the
system.

Nonlinear experiments are then conducted for a set of cubic
nonlinear coefficients and base acceleration levels. The non-
linear voltage and transmissibility frequency response curves
are shown in figures 9–13, for the hardening cubic nonlinear

9
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Figure 11. (a) Voltage and (b) transmissibility frequency response curves (in magnitude form) of the bimorph beam shunted to the nonlinear
circuit with nonlinear cubic coefficient Kc = 3× 106ΩH−3. Experimental results are plotted in dashed lines while markers represent
numerical predictions.

Figure 12. (a) Voltage and (b) transmissibility frequency response curves (in magnitude form) of the bimorph beam shunted to the
nonlinear circuit with nonlinear cubic coefficient Kc = 4× 106ΩH−3. Experimental results are plotted in dashed lines while markers
represent numerical predictions.

Figure 13. (a) Voltage and (b) transmissibility frequency response curves (in magnitude form) of the bimorph beam shunted to the
nonlinear circuit with nonlinear cubic coefficient Kc = 5× 106ΩH−3. Experimental results are plotted in dashed lines while markers
represent numerical predictions.

coefficient values Kc = 1× 106ΩH−3, 2× 106ΩH−3, 3×
106ΩH−3, 4× 106ΩH−3, and 5× 106ΩH−3, respectively.
In each case, the resonances are substantially distorted com-
pared to the linear counterpart in figure 8. Both modes exhibit

Duffing-type hardening nonlinearity, but the higher frequency
resonance exhibits a significantly wider hardening bandwidth.
Additionally, the introduction of cubic nonlinearity does not
significantly affect the linear antiresonance, which exhibits
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strong attenuation at all excitation and nonlinearity levels. As
expected, the hardening bandwidth can be increased either
by increasing the excitation level (i.e. base acceleration) or
by increasing the nonlinear coefficient. While the primary
purpose of this work is not to design an absorber (but to
demonstrate the synthetic nonlinear inductive shunt), the high-
frequency hardening branch achieves good attenuation of the
original resonance without compromising the attenuation due
to the antiresonance. Overall, the voltage and transmissibil-
ity frequency response curves show a good match between
the numerical model (using the Runge–Kutta method) and the
experimental results. The primary discrepancy lies in the pre-
diction of the exact jump frequency, which is sensitive to the
exact environmental conditions during experiments.

5. Conclusions

A digitally programmable nonlinear synthetic impedance cir-
cuit that can emulate Duffing-type hardening nonlinearity
is demonstrated in this work. The electromechanical sys-
tem dynamics is modeled and simulated using time-domain
numerical solutionwith experimental validations on a bimorph
cantilever beam under harmonic base excitation. This fully
coupled nonlinear electromechanical system, composed of the
bimorph beam shunted to a programmable nonlinear syn-
thetic impedance circuit, is studied for different values of the
nonlinear inductance coefficient and for a range of mech-
anical excitation levels. The typical hardening behavior of
a Duffing oscillator with an enhanced frequency bandwidth
is observed in the voltage and transmissibility FRFs due to
the synthetic impedance-based cubic inductance. This type
of circuit nonlinearity is not easily achievable using analog
elements, since it would require specialized analog multi-
plier circuits (and would not be easily tunable in that case).
Experimental measurements reveal a good match with the
numerical simulations at various cubic nonlinearity coeffi-
cients and base excitation levels. The introduced nonlinear-
ities can attenuate the high-frequency resonance introduced
by the circuit without compromising the attenuation at the
antiresonance. More broadly, the developed nonlinear syn-
thetic impedance system is a powerful tool for investigating a
broad range of nonlinear vibration absorbers, such as systems
with high-order nonlinearities, mixed hardening and soften-
ing behaviors, or essentially nonlinear behavior. Furthermore,
synthetic impedance allows the nonlinear coefficients to be
varied over a wide range, enabling the introduction of strongly
nonlinear vibrational response at very low excitation levels on
demand.
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