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ABSTRACT

Rainbow trapping is a phenomenon that enables vibration confinement due to the gradual variation of the wave velocity in space, which is
typically achieved by means of locally resonant unit cells. In the context of electromechanical metastructures for energy harvesting, this strat-
egy is employed to improve mechanical-to-electrical energy conversion and thereby to maximize the harvested power. In contrast to struc-
tures endowed with either mechanical or electromechanical resonators, we investigate a hybrid configuration that leverages the synergistic
interplay between them. We compare numerical results for different grading laws in comparison to prior efforts on the topic, demonstrating
enhanced energy harvesting and wideband vibration attenuation capabilities of the hybrid metastructure. We also discuss the formation of
grading-induced localized modes and we shed light on the role of the motion of individual resonators on the overall power output increase.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0090258

NOMENCLATURE

bc Width of the beam
br Width of the mechanical resonators
Cpc,r Inherent piezoelectric capacitance
cs Young’s modulus of the beam
�cE11 Short circuit Young’s modulus
cj Damping of the jth mechanical resonator
EI Equivalent flexural rigidity
�e31 Effective piezoelectric stress constant
hc,rj Normalized admittance across the jth electrode
hc,rp Thickness of the piezoelectric patch
hcs Substrate thickness of the beam
kj Stiffness of the jth mechanical resonator
L Beam length
Lr Length of the mechanical resonators
m Equivalent linear mass density
mj mass of the jth mechanical resonator
N Number of modes assumed
Rc,r
j Resistance across the jth electrode

S Number of resonators

xLj Left edge of the jth electrode
xRj Right edge of the jth electrode
Yc,r
j Admittance across the jth electrode

Greek

δ(x) Dirac delta function
Δx Spacing between resonators
γ Dimensionless coupling term
μ Mass ratio
ωk kthe natural frequency of the beam
ωc
j Resonant frequency of the jth shunt circuit

ωr
j resonance frequency of the jth mechanical resonator

ωt Resonators tuning frequency
ρp Density of the piezoelectric layer
ρs Substrate density of the beam
θc,rj Electromechanical coupling for the jth resonator
τc,rj Time constant of the jth shunt circuit
�εS33 Permittivity at constant strain in the expansion
ζ j Dimensionless damping for the jth resonator
ζk kth modal damping for the beam
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I. INTRODUCTION

The research done in the context of acoustic/elastic metamate-
rials has sparked broad interest within different realms of engineer-
ing, which is motivated by a number of behaviors technologically
relevant that are not possible to pursue otherwise. In other words,
after the discoveries reported in the early paper of Liu et al.,1 much
effort has been devoted to the quest for novel metamaterial con-
cepts in mechanics.

A possible implementation extensively discussed in the past
few years consists in a host medium, which is artificially altered
through a number of locally resonant units periodically placed in
space. In the homogenization limit, such a configuration is known
to exhibit effective properties that are dynamically unusual, such as
negative mass2–4 or negative stiffness effects,5,6 yielding the forma-
tion of frequency bandgaps, i.e., modified dispersion bands in
which wave propagation occurs with attenuation characteristics.
The capability to manipulate elastic waves and vibrations has led to
a number of studies paving the application of metamaterials for
isolation purposes,7,8 communication,9,10 imaging,11 and enhanced
sensing in structures,12 among others.

Recently, the study of mechanical metamaterials for vibration
attenuation purposes has reached a mature state due to the abun-
dance of works reported in the literature, which have set general
guidelines to generate low frequency, and broadband attenuation
characteristics. As such, more exciting and exotic wave phenomena
are to be sought via more complex or multifunctional configura-
tions. Another established yet not mature line of work explores
multi-physics interactions to provide new degrees of freedoms in
the design of metamaterial systems, especially through piezoelectric
actuation. Relevant examples include implementations of nonrecip-
rocal devices,13–15 selective filters,16 digitally controllable wave-
guides,17,18 among others. Application-wise, there is great interest
in piezoelectric-based metamaterials due to the interplay between
electrical and mechanical oscillations, which is key to design struc-
tures with energy harvesting capabilities.19 In analogy with purely
passive metamaterials, in which the attenuation features are due to
energy storage through the resonator motion, electromechanical
metamaterials can be implemented through periodic patterns of
piezoelectric elements bonded on otherwise passive structures and
equipped with electrical circuits that serve as a means to induce res-
onant interactions with the host structure.6 The underlying physics
naturally yields concurrent wave attenuation (bandgap formation)
and energy harvesting features when suitable conversion circuits
are considered.20

Additional opportunities in this context are offered by graded
metastructures, i.e., a relatively new family of metastructures in
which the dynamic characteristics of the locally resonant units are
smoothly modulated in space, thereby inducing the so called
rainbow effect. Graded metamaterials have been recently investi-
gated within different realms of physics and by way of different
physical platforms, among which electromagnetism and plas-
monics,21,22 acoustics,23 and via elastic structures.24–26 The key idea
is to take advantage of the resonator-structure interactions to grad-
ually nullify the wave velocity in space. This modulation strategy
induces energy trapping in a frequency-dependent position along
the grading, which is known to be convenient for energy harvesting

purposes as compared to perfectly periodic configurations or to
other forms of energy localization.27 As a further step in this direc-
tion, this paper investigates the vibration attenuation and energy
harvesting capabilities of a hybrid electromechanical graded meta-
structure. The implementation consists of a beam equipped with
both mechanical (with bonded non-resonating piezo-layers) and
electromechanical resonators, initially tuned at the same frequency
to create a single gap, in analogy to the behavior reported in
Ref. 28. We investigate the role of different grading laws on the
attenuation characteristics of the underlying medium. In addition,
we consider that each resonator can be used to harvest energy at its
corresponding natural frequency. We analyze the energy harvesting
capabilities of such a system in comparison to non-graded configu-
rations and to the graded electromechanical metastructure pre-
sented in Ref. 24.

II. ANALYTICAL FRAMEWORK

We consider the metastructure illustrated in Fig. 1, in the
attempt to combine the two bodies of work24,28 and to show the
energy harvesting capabilities of such a system. The structure is
made of a cantilever beam with a number S ¼ 25 of periodically
placed pairs of piezoelectric patches (parallel-wire operation)
equipped with RL circuits, which constitute a set of electromechan-
ical resonators when connected to the piezo-elements. Additionally,
the electromechanical beam, which at this step is analogous to the
one studied in Ref. 24, is further augmented by a pattern of
mechanical resonators according with the schematic shown in the
figure. In contrast to Ref. 28, the mechanical resonators employed
herein are cantilever bimorph with series-connected non-resonating
resistive loads. To ease readability, the relevant parameters are
listed in the nomenclature and hereafter employed to define the
elasto-dynamic equations of the system:
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where w(x, t) is the transverse vibration relative to the base motion
wb(x, t). uj is the tip displacement of the jth resonator and vc,rj (t) is
the voltage across the jth patch bonded at a coordinate xj, where
the superscript c, r denotes the hosting medium for the patch,
which can be either the cantilever (c) or the resonators (r). Here,
the physical and elastic properties of the composite structure are
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described in terms of equivalent properties,
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Approximate solutions of the elastodynamic equation (1) are sought
in terms of assumed mode expansion w(x, t) ¼PN

q¼1 fq(x)ηq(t),
where f xð Þ and η tð Þ are the plain beam mass-normalized mode
shapes and corresponding generalized coordinates with unknown
amplitudes, respectively. Through Eq. (1) and due to orthogonality
conditions,19 we get to a set of ordinary differential equations of
dimension 4N with N ¼ 200 number of modes employed in the

expansion of w x, tð Þ,
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where ωk is the kth characteristic frequency of the plain beam,
ζk ¼ 0:001 is the corresponding dimensionless damping ratio, and
ωr
j and ζ j ¼ 0:001 are the jth mechanical resonator resonant fre-

quency and damping ratio, respectively. We also define the term

Δf0
kj ¼ dfk

dx jx
R
j

xLj
, which modulates the piezoelectric coupling of the

corresponding generalized coordinate and is dependent on the

FIG. 1. Schematic of the hybrid electromechanical graded structure. The inset shows a side view of a single pair of mechanical and electromechanical resonators.
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spacing between resonators. We now apply Laplace transform to
the dynamic quantities, and after a few mathematical manipulations
to get to

s2 þ 2ζkωksþ ω2
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where Hk(s), Uj(s), Vc
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c
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the system of Eq. (4). The forcing terms Qk(s) and Qq(s) are

Qk(s) ¼ �s2mWb(s)

 ðL
0
fk(x) dx

þ
XS
j¼1

μΔx ωr
j
2þ2ζ jω

r
j s

� �
fk(xj)

s2 þ 2ζ jω
r
j sþ ωr

j
2 1þ sγ

sþhrj (s)

� �
1
CA,

Qq(s) ¼ �s2 Wb(s)þ
XN
q¼1

fq(xj)Hq(s)

 !
:

(5)

Here, Wb(s) is the base motion in the Laplace domain. Δx is the
spacing between mechanical resonators, μ ¼ 1 and γ ¼ 0:1 are
dimensionless parameters which, along with ωr

j and ωj, set the limits
of locally resonant frequency gaps for uniform configurations,28

μ ¼
PS

j¼1 mj

mL
, γ ¼

θrj

� �2
kjCr

p
, (6)

where hcj and hri are the normalized admittances across the jth elec-
trode pair for the patches on the cantilever beam and the mechanical
resonators,

hcj (s) ¼
(ωc
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2

s
þ 1
τcj
, hrj (s) ¼

1
τrj
, (7)

where ωc
j is the resonance frequency of the jth shunt circuit and

τcj ¼ Cc
pR

c
j and τrj ¼ Cr

pR
r
j are the time constants. Following Ref. 24,

we explore different configurations by letting ωk vary along the beam
main dimension according to different laws,

ωr,c
k ¼ ωt þ Δωr,c � 2Δωr,c

k� 1
S� 1

� �p

, k ¼ 1, . . . , S, (8)

where ωt ¼ 35 ω=ω1 serves as the central frequency of the grading
and non-graded configurations can be restored by letting Δω ! 0.
In the case at hand, we set τrωt ¼ 500 and τcωt ¼ 500. 2Δω and p
are the grading range and order of the resonator pattern, while
the numerical values of the geometry and the material properties
are listed in Table I. We remark that, in the case of uniform configu-
rations, each resonator can be linked to a theoretical gap limit
(see Ref. 28). In contrast, graded metastructures lack translation sym-
metry and the definition of bandgaps is elusive. However, when the
modulation of ωr,c

k is sufficiently slow (i.e., in absence of abrupt
changes), the dynamic characteristics of the beam at a given coordi-
nate x ¼ kΔx can be qualitatively associated to that of the medium
equipped with the kth resonators.25 Hence, it is expected that spa-
tially dependent attenuation regions are generated through different
distributions of ωr,c

k and that such regions are consistent with the gap
limits evaluated through the theoretical framework presented in
Ref. 28. This aspect is further discussed in the following and sup-
ported by numerical results.

III. NUMERICAL RESULTS AND DISCUSSION

The analysis of the system is accomplished through a number
of combinations for p, i.e., fractional order p ¼ 1=2, linear p ¼ 1,
and quadratic p ¼ 2. Also, different frequency ranges are spanned
for both mechanical and electromechanical resonators through
different combinations of Δωc,r . For each of the aforementioned
grading orders, four distinct configurations are used: Δωc ¼ Δωr ¼ �3
and Δωc ¼ Δωr ¼ 3, which correspond to electrical and mechanical
resonances spanning the same frequency range toward positive and
negative values. As such, the mechanical and electromechanical
attenuation regions are expected to merge, but not to overlap.28

Δωc ¼ �Δωr ¼ �3, and Δωc ¼ �Δωr ¼ 3, are instead tailored to

TABLE I. Geometrical and material properties of the hybrid metastructure.

Parameter Value Unit

hcs 1 mm
bc 10 mm
�cE11 61 GPa
ρp 7750 kg m−3

�ϵS33 13.3 nF m−1

br 2 mm
ρs 2700 kg m−3

cs 69 GPa
hc,rp 0.3 mm
�e31 −12.3 Cm−2

Lr 20 mm
L 0.1 m
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move the mechanical and electromechanical resonances in an
opposite fashion, whereby the mechanical attenuation region that is
initially tuned at higher (lower) frequencies, and the electrome-
chanical attenuation region initially tuned at lower (higher) fre-
quency values are expected to merge upon varying ωk in space.
Note that, on one hand, Δωc,r is chosen sufficiently slow to avoid
spatial discontinuities along the beam. On the other hand, too
small Δωc,r values would have led to minor differences as compared
to uniform configurations.

We start the discussion with the analysis of the tip response of
the cantilever, which is displayed in Fig. 2. It is interesting to notice
that all the probed configurations, represented by colored lines,
feature good attenuation capabilities for a wide frequency range.
Moreover, similarly to the uniform configuration (black dashed
line), i.e., when all the resonators are tuned at the same frequency,
the transmissibility value jwabs(L)=wbj drops of approximately 2

orders of magnitude. This suggests that graded structures can be
suitably employed for vibration control purposes and that the
grading does not reduce the filtering capabilities of the periodic
system. Another important outcome is the formation of a narrow
frequency range populated by a number of resonances. Such a
range is known to emerge in uniform configurations due to the
finite number of resonators. A similar (but conceptually different)
behavior is observed for structures with opposite grading law
which, instead, is caused by concurrent negative stiffness and nega-
tive mass effects.28 Finally, we observe that, in general, a number of
sharp resonances can populate the response, corresponding to
localized modes whose properties are liked to the characteristics of
the grading profile. To shed light on this matter, the frequency
response of the entire cantilever is evaluated within x [ 0, L½ � and
displayed in Figs. 3–5 in the neighborhood of ωt ¼ 35 ω=ω1,
with superimposed grading laws for the electromechanical and

FIG. 2. Beam tip transmissibility vs normalized excitation frequencies for different grading ranges and grading patterns with (a) p ¼ 1=2, (b) p ¼ 1, and (c) p ¼ 2.
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mechanical resonators (white and red dots) and the corresponding
theoretical bandgap limits (white and red dashed lines). We remark
that such limits provide an indication about the spatial separation
between localized modes and attenuation regions generated
through the grading but, due to the interplay between electrome-
chanical and mechanical resonators, additional modes can be

generated.28 Some considerations follow. (i) If the grading law for
the mechanical and electromechanical resonators is the same, a
single and complete attenuation region can form (Figs. 3 and 4).
Under this condition, there are a number of modes that populate
the neighborhood of the tuning frequency ωt and, interestingly,
such modes are characterized by low amplitude and become less

FIG. 3. Displacement response upon
varying normalized excitation frequen-
cies and normalized beam length for
(a) the uniform metastructure and [(b)
and (c)] a hybrid metastructure with
graded electromechanical resonators
and uniform mechanical resonators for
Δωc ¼ +3 and different grading pat-
terns p ¼ 1=2, p ¼ 1, and p ¼ 2.
White and red dots represent the reso-
nant frequency of the electromechani-
cal and mechanical resonators,
respectively. Dashed lines represent
the bandgap limits evaluated through
the theoretical formulation presented in
Ref. 28.
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relevant for points located toward the tip of the cantilever. We
observe that such modes are instead very relevant in the case of
uniform configurations [Fig. 3(a)] and that their amplitude
decreases as the electromechanical [Figs. 3(b) and 3(c)] or both
electromechanical and mechanical gradings (Fig. 4) are activated.
(ii) There is the formation of localized modes due to the gradual
variation of the characteristic frequency ωk in space, especially for
frequencies in the neighborhood of the theoretical bandgap limits
(i.e., the white and red curves), which are evaluated under the
assumption of quasi-static evolution of the grading. As such, the
localization properties of such modes follow the shape of the
graded profile and, for a fixed frequency, we observe a variable
wavelength in space, which is particularly evident in Figs. 4(b) and
5(b) and is the blueprint of the rainbow effect. The transition
between uniform distribution [Fig. 3(a)] and graded configurations
(Figs. 4 and 5) confirms that the generation of localized modes is
dictated by the gap limits and we also remark that such modes can

be conveniently employed for energy harvesting purposes and
further discussed later in the paper. (iii) There are regions in which
the localization properties do not follow the modulation profile,
which are instead dictated by the overlapping between distinct
bandgaps and, therefore, present only within shared regions
between the expected electromechanical and mechanical gap limits,
e.g., around 36 ω=ω1 in Fig. 5(b). These latter are visible also in the
red and orange transmission curves in Fig. 2, i.e., when the grading
laws have opposite directions. As a final comment on this part, we
remark that the emergence of localized modes is justified by two
distinct phenomena associated with the grading. The first is associ-
ated with the rainbow effect which yields localized modes in the
vicinity of the expected bandgap limits. The second is instead asso-
ciated with the merging and overlapping of the expected frequency
gaps. In both cases, the spatial separation between attenuation and
localization regions is consistent with the gap limits evaluated
through the theoretical framework presented in Ref. 28.

FIG. 4. Displacement response upon
varying normalized excitation frequen-
cies and normalized beam length for
[(a) and (b)] Δωc ¼ Δωr ¼ +3 and
different grading patterns p ¼ 1=2,
p ¼ 1, and p ¼ 2. White and red dots
represent the resonant frequency of the
electromechanical and mechanical res-
onators, respectively. Dashed lines rep-
resent the bandgap limits.
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We now discuss the energy harvesting capabilities of the system
and we remark that the performance is to be compared to the
ungraded system and to the ones presented in Ref. 24. First and fore-
most, we note that the amount of power does depend on the resistive
loads Rc,r

j and, to provide a fair comparison between different config-
urations, τr,cωt ¼ 500 is arbitrarily set constant for all the circuits.
Now, to clarify the role of the grading on the system performance,
the overall output power per base acceleration fed in all resonators is
illustrated in Figs. 6 and 7, along with the average power (Figs. 8
and 9) integrated over the region of interest ω=ω1 [ 30, 35½ � and
ω=ω1 [ 30, 40½ �. Such regions are chosen to include the resonating
frequency of the resonators along the grading, which are responsible
for most of the harvested power. The former (green box) is the same
range studied in Ref. 24, while the latter (blue box and green box) is
the range spanned by the resonating elements of the hybrid configu-
ration. Different configurations are displayed in Figs. 6 and 7, in
order to qualify the transition between a purely electromechanical
graded metastructure, a hybrid configuration with graded

electromechanical resonators, and a graded metastructure with both
electromechanical and mechanical graded array of resonators.
Interestingly, we observe the emergence of several resonance peaks
when Δω = 0 and when at least one grading is activated, corre-
sponding to the localized modes discussed above. In the context of
energy harvesting, high amplitude and great density of modes is
favorable and reflects into improved power output as compared to
ungraded configurations, especially for broad excitation spectra. This
is visible on the histograms displayed alongside the response in Figs.
8 and 9, which represent the average power within the green and
blue-highlighted regions for the three different case-studies illustrated
in Figs. 6 and 7 (i.e., graded electromechanical resonators, graded
electromechanical resonators with ungraded mechanical resonators,
and graded electromechanical with mechanical resonators) and for
grading order p ¼ 1=3, p ¼ 1=2, p ¼ 1, p ¼ 2, and p ¼ 3.
Specifically, the first bar is related to the results shown in Ref. 24
and, therefore, without the mechanical resonators. The second and
the third are relative to the hybrid metastructure with uniform and

FIG. 5. Displacement response upon
varying normalized excitation frequen-
cies and normalized beam length for
[(a) and (b)] Δωc ¼ �Δωr ¼ +3 and
different grading patterns p ¼ 1=2,
p ¼ 1, and p ¼ 2.
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graded distribution of the mechanical resonators, respectively, inte-
grated over the green region to provide a fair comparison. The fourth
and fifth bars represent the average power relative to the hybrid
metastructure with uniform and graded distribution of the

mechanical resonators but integrated within both blue and green
regions. We first observe that all the analyzed grading patterns
feature improved power output as compared to the uniform system,
which suggests that graded configurations are well suited not only for

FIG. 6. Frequency response (real part) relative to the power fed into all resonators in the case of (a) Δωc ¼ Δωr ¼ �3 and (b) Δωc ¼ �Δωr ¼ �3 with grading
patterns p ¼ 1=3, p ¼ 1=2, p ¼ 1, p ¼ 2, and p ¼ 3. Real part of the power output response harvested from the array of electromechanical resonators for a structure
equipped with solely electromechanical resonators (left). Real part of the power output response harvested from both mechanical and electromechanical attachments when
the grading is applied only to the electromechanical resonators (center). Real power output harvested from the hybrid metastructure equipped with both mechanical and
electromechanical graded distributions of resonators (right).
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vibration control purposes but also for energy harvesting problems.
A careful analysis of the power diagrams reveals that a great amount
of power is fed into the mechanical resonators, which are responsible
for a notable increase of power output as compared to the configura-
tion with purely electromechanical resonators,24 and that the

activation of their grading reflects into a further increase of the
output power as compared to mixed graded-uniform distributions.
In addition, we notice a relevant improvement of the power output
when the bandwidth is extended from ω=ω1 [ 30, 35½ � to
ω=ω1 [ 30, 40½ �, again motivated by the additional energy fed into

FIG. 7. Frequency response (real part) relative to the power fed into all resonators in the case of (a) Δωc ¼ �Δωr ¼ þ3 and (b) Δωc ¼ Δωr ¼ þ3 with grading
patterns p ¼ 1=3, p ¼ 1=2, p ¼ 1, p ¼ 2, and p ¼ 3.
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the mechanical resonators. The comparison between different
grading orders p instead suggests that all the configurations
employed in the paper are capable of providing similar improve-
ments in terms of power output. We finally remark, however, that
different grading profiles determine different attenuation and locali-
zation characteristics in space.

To conclude the discussion and to better qualify the role of
each resonators, we show how the power frequency response, the
average power, and the percentage of harvested power integrated
within the green and blue boxes modify for consecutive resonators
in space. Note that similar considerations apply for all the grading
directions employed in the paper and, therefore, for simplicity, we
only show the power response relative to Δωc ¼ Δωr ¼ �3 and we

summarize all results in terms of average and percentage power
plots. We start considering the power output results for a beam
without mechanical resonators,24 which are illustrated in Fig. 10(a)
upon varying frequency and resonator index (hence position).
Here, in contrast to uniform configurations, the peak power is not
limited in the neighborhood of a single frequency but follows the
grading order, which reflects into improved energy harvesting capa-
bilities. The response is later numerically integrated within the
green-highlighted region (i.e., ω=ω1 [ 30, 35½ �) and displayed in
Figs. 10(b) and 10(c) in terms of average power output and per-
centage power output. It can be observed that, for uniform configu-
rations, the amount of average power is, in general, lower as
compared to graded systems and, interestingly, the amplitude sud-
denly drops after the first resonators, which is attributed to the
locally resonant metamaterial behavior and bandgap formation
mechanisms. In other words, graded systems offer higher output
power amplitude locally, and more resonators are involved in the
structural motion, which justifies the improved average power
output when a certain law of variation is considered. A stronger
but analogous effect is observable if also the mechanical resonators
are connected to the host beam. Under these conditions, the power

FIG. 8. Average power integrated over the shaded regions displayed in Fig. 6
for (a) Δωc ¼ Δωr ¼ �3 and (b) Δωc ¼ �Δωr ¼ �3 with grading patterns
p ¼ 1=3, p ¼ 1=2, p ¼ 1, p ¼ 2, and p ¼ 3. The first bar illustrates the
average power within the green region when the mechanical resonators are not
present, which corresponds to Ref. 24. The second bar is the averaged power
of the hybrid metastructure integrated over the green range when the grading is
activated only for the electrical resonators. The third bar is relative to the hybrid
configuration with both graded and ungraded distributions averaged over the
green range. The fourth bar represents the average power within the green and
blue regions for the hybrid metastructure when the electromechanical resonators
are graded and the mechanical resonators are uniform. The fifth bar is relative
to the average power for the hybrid metastructure with graded electromechanical
and mechanical resonators over the green and blue regions.

FIG. 9. Average power integrated over the shaded regions displayed in Fig. 7
for (a) Δωc ¼ �Δωr ¼ þ3 and (b) Δωc ¼ Δωr ¼ þ3 grading patterns with
p ¼ 1=3, p ¼ 1=2, p ¼ 1, p ¼ 2, and p ¼ 3.

Journal of
Applied Physics ARTICLE scitation.org/journal/jap

J. Appl. Phys. 132, 064903 (2022); doi: 10.1063/5.0090258 132, 064903-11

Published under an exclusive license by AIP Publishing

https://aip.scitation.org/journal/jap


responses measured for consecutive electro-mechanical and
mechanical resonators are illustrated in Fig. 11 along with the
average and percentage power in Fig. 12, separating the contribu-
tions from the electromechanical [Figs. 12(a) and 12(b)] and
mechanical resonators [Figs. 12(c) and 12(d)]. It can be noticed
that the spectral content observed in the power response (Fig. 11)
is consistent with the localization properties displayed in Fig. 4(a)
and, also, the peak power follows the grading order in the fre-
quency–space diagrams. Also here, due to the bandgap formation
mechanisms, there is a sudden drop in the power after a few unit

cells for uniform configurations [see Figs. 12(c) and 12(d)].
Conversely, graded configurations display higher values in ampli-
tude and, consistently with the above discussion, are justified by
the formation of local resonances within the relevant frequency
range. The interplay among these effects reflects into greater
average power and percentage power output gathered over a certain
bandwidth from the electromechanical and mechanical resonators.
This effect is particularly evident from the amount of power fed
into the mechanical resonators [Figs. 12(c) and 12(d)], which is
almost equally distributed along space and further demonstrates
the enhanced bandwidth of the graded metastructure. In summary,
a flat power distribution is favored by the design of graded profiles,
which is justified by the spatial localization of standing modes
occurring at different frequencies. This feature guarantees improved
average power output for all the grading orders p and for the dis-
tinct combination of Δωc,r analyzed in the paper. Practically,
graded configurations favor the activation of the array of resonators
over a broader range of frequencies, which is here captured by the
total power frequency response fed into all resonators (Figs. 6 and 7),
from its frequency average (Figs. 8 and 9), and by the power
response in space (real power, average power, and percentage
power in Figs. 10–12).

FIG. 10. (a) Real part of the power frequency response upon varying the reso-
nators in space for a structure equipped with only electromechanical resonators
and with grading range Δωc ¼ �3. (b) Average and (c) percentage power
(upon varying the attachment index j) integrated within ω=ω1 [ 30�35½ � for
the grading ranges Δωc ¼ +3.

FIG. 11. Real part of the power frequency response measured on consecutive
resonators in space for a structure equipped with both electromechanical and
mechanical resonators. (a) The power fed into the electromechanical resonators.
(b) The power fed into the mechanical resonators.
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FIG. 12. Real part of the average and percentage power response integrated within ω=ω1 [ 30� 40½ � and upon varying the resonator index j for a graded hybrid
metastructure. (a) Average and (b) percentage power fed in the electromechanical resonators. (c) Average and (d) percentage power fed in the mechanical resonators.
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IV. CONCLUSIONS

We have analyzed the energy harvesting and attenuation capa-
bilities of hybrid metastructures characterized by different grading
laws. In the context of vibration control, such systems are capable
of improved dynamic performance as compared to ungraded con-
figurations, both in terms of bandwidth and transmissibility. More
specifically, we have observed the presence of grading-induced
localized modes that are typical of the rainbow effect and reflect
into both power output increase and bandwidth enhancement,
which can be relevant for the implementation of energy harvesting
devices. Although distinct grading laws can be tailored to provide
different spatial localization characteristics and attenuation regions,
the improvement in terms of average power output is similar
among the configurations analyzed in the paper. Indeed, a careful
analysis of the individual resonators has revealed a more regular
distribution of the power in space, which justifies the improved per-
formance of graded configurations as compared to the uniform sce-
narios, where the harvested power is limited within a narrow
region and suddenly drops after the first unit cells. Also, our work
explores the coexistence of multiple functionalities in a single meta-
structure, which is not common in the field of mechanics.
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