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Concurrent vibration attenuation and
low-power electricity generation in a
locally resonant metastructure

Mohid Muneeb Khattak, Christopher Sugino and Alper Erturk

Abstract
We investigate piezoelectric energy harvesting on a locally resonant metamaterial beam for concurrent power genera-
tion and bandgap formation. The mechanical resonators (small beam attachments on the main beam structure) have
piezoelectric elements which are connected to electrical loads to quantify their electrical output in the locally resonant
bandgap neighborhood. Electromechanical model simulations are followed by detailed experiments on a beam setup with
nine resonators. The main beam is excited by an electrodynamic shaker from its base over the frequency range of
0–150 Hz and the motion at the tip is measured using a laser Doppler vibrometer to extract its transmissibility fre-
quency response. The formation of a locally resonant bandgap is confirmed and a resistor sweep is performed for the
energy harvesters to capture the optimal power conditions. Individual power outputs of the harvester resonators are com-
pared in terms of their percentage contribution to the total power output. Numerical and experimental analysis shows that,
inside the locally resonant bandgap, most of the vibrational energy (and hence harvested energy) is localized near the excited
base of the beam, and the majority of the total harvested power is extracted by the first few resonators.
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1. Introduction

Vibrational energy harvesting (VEH) is a concept
wherein ambient vibrational energy is used to generate
electricity to power small electronic components (Elvin
and Erturk, 2013; Priya and Inman, 2009). This tech-
nique can replace or supplement conventional batteries,
reducing the costs associated with accessing and repla-
cing/recharging batteries for remote sensors. The direct
piezoelectric effect refers to a phenomenon which con-
verts mechanical strain into electricity. Piezoelectric
energy harvesting (Anton and Sodano, 2007; Howells,
2009; Safaei et al., 2019) is a technique which uses this
effect to harness vibrational energy from human
motion, seismic activities, etc. and converts it into
usable electrical power. Piezoelectric materials have
high power density and they grant an ease of applica-
tion due to which they are preferred over other conven-
tional vibration energy conversion mechanisms such as
electromagnetic (Glynne-Jones et al., 2004; Williams
et al., 2001) and electrostatic (Mitcheson et al., 2004;
Tvedt et al., 2010) techniques. Furthermore, piezoelec-
tric harvesting devices are straightforward to manufac-
ture in a multitude of configurations (Dutoit and
Wardle, 2006; Erturk and Inman, 2011b; Roundy and

Wright, 2004), including microscale concepts and
devices (Cook-Chennault et al., 2008). As this field con-
tinues to grow, researchers have introduced VEH cap-
abilities to various types of vibrating structures (Safaei
et al., 2019; Sugino and Erturk, 2018), such as linear
cantilevers, bistable beams (Erturk and Inman, 2011a,
2011b) and plates (Arrieta et al., 2010), among others.

Metamaterials are architected structures that exhibit
properties which are not readily found in ordinary
materials, such as a negative refractive index (Zhu
et al., 2014) and negative dynamic mass (Liu et al.,
2000). Metamaterial-based finite structures with speci-
fied boundary conditions (i.e., metastructures), can
exhibit the designed effective properties of the metama-
terial provided a sufficient number of unit cells are used
(Sugino et al., 2016, 2017a). Locally resonant
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metastructures rely on an internal unit cell resonance to
dramatically alter the effective properties of the meta-
material near the unit cell’s resonant frequency (Ho
et al., 2003; Liu et al., 2000; Patrick et al., 2021; Sugino
and Erturk, 2018; Sugino et al., 2016; Wang et al.,
2014, 2020). These systems can exhibit a locally reso-
nant bandgap, or frequency range in which waves can-
not propagate through the structure, at wavelengths
much larger than the lattice size of the metamaterial.
As a result, locally resonant metastructures have signif-
icant potential for low-frequency vibration attenuation.

An opportunity arises to explore multifunctional
metastructures that not only allow for low-frequency
vibration mitigation, but also have low-power VEH
capabilities (Hu et al., 2018, 2021; Lan et al., 2021;
Sugino and Erturk, 2018). Such VEH capabilities in a
metamaterial could provide enough power for intermit-
tent sensing, such as environmental monitoring or peri-
odic diagnostic checks on the bandgap behavior of the
structure. To that end, integrated energy harvesters
could themselves be used as sensors/actuators for health
monitoring. Furthermore, since locally resonant meta-
materials already typically require bulky resonant ele-
ments, the barrier of entry for resonant piezoelectric
energy harvesting is reduced.

This work numerically and experimentally investi-
gates piezoelectric energy harvesting on a locally reso-
nant metamaterial beam for concurrent power
generation and bandgap formation. The first part of
the paper reviews the governing equations (Sugino and
Erturk, 2018) for the locally resonant energy harvesting
metastructure along with the corresponding numerical
results and experimental setup. Compared to previous
investigations on such systems (Hu et al., 2018; Lan
et al., 2021; Sugino and Erturk, 2018), the primary
novelty of this work is the experimental characteriza-
tion of a metamaterial with VEH capabilities and a
locally resonant bandgap. Parameter identification for
a single resonator is performed, and the identified

parameters are used to model the complete metastruc-
ture with nine pairs of piezoelectric energy harvester-
resonators. Additionally, this work expands on previous
work by numerically and experimentally characterizing
the relative power contributed by the energy harvesters
in the metastructure.

2. Locally resonant energy harvesting
metastructure

2.1. Electromechanical model

We consider a locally resonant metastructure with
attached piezoelectric energy harvesters, shown sche-
matically in Figure 1. Following the analysis of Sugino
and Erturk (2018), we have the following governing
equation for the forced vibrations of a distributed para-
meter system:

L½w(P, t)�+ m(P)+
XS

j= 1

mp, jd(P� Pj)

" #
€w(P, t)�

XS

j= 1

(kjuj(t)+ cj _uj(t))d(P� Pj)= f (P, t)

ð1Þ

Here L is the stiffness operator of order 2 p where p ø 1

defines the order of the system (Meirovitch, 1997;
Sugino et al., 2017b), w(P, t) is the displacement of
point P at time t where P 2 D, m(P) is the host struc-
ture’s mass distribution, mp, j is the mass of clamping
hardware at attachment point Pj, S is the number of
resonators, d(P) is the Dirac delta function, and f (P, t)
is the external forcing. Note that mechanical damping
will be introduced via modal damping at a later stage.
For the system considered here, an Euler-Bernoulli
beam model is used, corresponding to stiffness operator

L= d2

dx2
EI(x)

d2

dx2

� �
ð2Þ

Figure 1. (a) Locally resonant energy harvesting metastructure with cantilever beams containing mechanical resonators and
piezoelectric patches (Sugino and Erturk, 2018). (b) Schematic representation of the energy harvesting metastructure.
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The corresponding energy harvester governing equa-
tions are as follows:

mj€uj + cj _uj + kjuj � ujvj = � mj €w(Pj, t) ð3Þ

Cp, j _vj +Y j½vj�+ uj _uj = 0 ð4Þ

where kj, cj, mj, uj, and Pj are the stiffness, mechanical
damping coefficient, mass, displacement, and position
of the j th resonator respectively. uj, Cp, j, and Y j are
the electromechanical coupling, piezoelectric capaci-
tance and admittance of the shunt circuit on the j th
resonator.

Using a modal expansion procedure for the structure
mode shapes without the resonators, we have the fol-
lowing approximate solution:

w(P, t)=
XN

r= 1

hr(t)fr(P) ð5Þ

where N is the number of modes, fr is the rth mode
shape of the plain structure, and hr is the corresponding
modal weighing. These mode shapes satisfy the ortho-
gonality conditions given by:

ð
D

m(P)fr(P)fs(P)dD= drs ð6Þ
ð

D

fr(P)L½fs(P)�dD=v2
r drs ð7Þ

Here, vr is the natural frequency of the plain structure’s
rth mode shape. Substituting equation (5) into equation
(1), multiplying by mode shape fk , integrating across
the domain D and applying orthogonality conditions,
we obtain the discretized governing equation

drk +
XN

k = 1

XS

j= 1

mp, jfr(Pj)fk(Pj)

 !
€hk + 2zrvr _hr +

v2
r hr �

XS

j= 1

(kjuj + cj _uj)fr(Pj)= qr,

ð8Þ

where zr is the modal damping factor for the r th mode
shape and

qr(t)=

ð
D

fr(P)f (P, t)dD ð9Þ

Similarly, substituting equation (5) into equations (3)
and (4) gives the discretized equations for the
resonators:

mj€uj + cj _uj + kjuj � ujvj = � mj

XN

r = 1

fr(Pj)€hr ð10Þ

Cp, j _vj +Y j½vj�+ uj _uj = 0 ð11Þ

Taking the Laplace transform of equations (8), (10),
and (11), and rearranging, we have the following linear
system of equations:

(s2 + 2zrvrs+v2
r )Hr(s)+

s2 mj

(2zvts+v2
t )

s2 + 2zvts+v2
t 1+ gs

s+ h(s)

� � +mp, j

2
4

3
53

XN

k = 1

Hk(s)
XS

j= 1

fr(Pj)fk(Pj)=Qr(s)

ð12Þ

where Hr(s) and Qr(s) are the Laplace transforms of

hr(t) and qr(t) respectively. For each resonator, v2
t =

kj

mj

is the short-circuit resonant frequency and z =
cj

2vtmj
is

the damping ratio. Furthermore, h(s)=
Yj(s)

Cp, j
is the

admittance of the shunt harvesting circuit (Yj(s) is the

Laplace transform of Y j), and g =
u2

j

kjCp, j
is the dimen-

sionless coupling term. It is assumed that these normal-
ized parameters are identical for each energy harvester,
even if the mass mj varies.

Both the energy harvester mass mj and clamp mass
mp, j are assumed to track the mass distribution of the
host structure, that is,

mj =m mp, j +m(Pj)DDj

� �
ð13Þ

mp, j =mpm(Pj)DDj ð14Þ

where m is the ratio of energy harvester mass to the host
structure mass (including clamping hardware), and mp

is the ratio of the clamp mass to the plain structure
mass. With these substitutions, equation (12) becomes

(s2 + 2zrvrs+v2
r )Hr(s)+

s2 m(1+mp)
(2zvts+v2

t )

s2 + 2zvts+v2
t 1+ gs

s+ h(s)

� � +mp

2
4

3
53

XN

k = 1

Hk(s)
XS

j= 1

m(Pj)fr(Pj)fk(Pj)DDj =Qr(s)

ð15Þ

The form of equation (15) highlights the metastructure
behavior as the number of unit cells in becomes large
(see e.g. Sugino and Erturk, 2018; Sugino et al., 2017a),
since

lim
S!‘

XS

j= 1

m(Pj)fr(Pj)fk(Pj)DDj =

ð
D

m(P)fr(P)fk(P)dD= drk

ð16Þ

yielding the simplification
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½s2(1+mp) 1+
m(2zvts+v2

t )

s2 + 2zvts+v2
t 1+ gs

s+ h(s)

� �
0
@

1
A+

2zvrs+v2
r �Hr(s)=Qr(s)

ð17Þ

assuming a sufficient number of resonators are used.
Equation (17) shows that presence of energy harvesters
on the metastructure results in effective mass that var-
ies with frequency, that is,

M̂(s)

Mp

=(1+mp) 1+
m(2zvts+v2

t )

s2 + 2zvts+v2
t 1+ gs

s+ h(s)

� �
0
@

1
A
ð18Þ

where the factor (1+mp) indicates that the point
masses simply add to the primary structure mass, with-
out the frequency dependence. The locally resonant
bandgap appears when the effective mass becomes neg-
ative. For a metastructure with light damping (z’0)
and small piezoelectric coupling (g’0), the locally reso-
nant bandgap appears in the frequency range
vt\v\vt

ffiffiffiffiffiffiffiffiffiffiffiffi
1+m
p

.
Equation (12) is used in the next section to obtain

numerical results for the locally resonant bandgap and
useful power output corresponding to the model in
Figure 1.

2.2. Numerical results

For the numerical simulations, we consider an alumi-
num beam with S = 20 harvesters at a target frequency
ratio vt

v1
= 75. The beam is clamped at one end (x= 0)

and vibrates freely at the other end (x= L). It has width

w, thickness h, and length L. The beam has a mass den-
sity of r and a Young’s modulus of E. It has a mass per
length of mb. The mass ratios for the simulated system
are mp = 0 and m= 1.

We consider purely resistive shunt circuits to quan-
tify the power output of the energy harvesters, corre-
sponding to normalized shunt admittance h(iv)= 1

t
,

where t =RCp, j is the circuit time constant and R is the
load resistance. At each frequency of excitation, the
optimal load topt that gives the maximum power output
from the full metastructure is obtained. Figure 2 shows
the total optimal real power output of the mechanical
metastructure versus normalized resistive load and fre-
quency with 20 harvesters. The maximum broadband
power output occurs near the resonant frequency
vt

v1
=75, immediately before the resonant bandgap. The

dashed line here shows optimal loading at each excita-
tion frequency. Figure 3 shows the tip transmissibility
at the optimal loading topt, showing that the locally
resonant bandgap is present even when the maximum
electrical power is harvested from the metastructure.

For the same model, the power output for individual
harvesters at the optimal load for the full metastructure
was plotted to identify the harvesters which output the
maximum power. Figure 4 shows that the harvesters
near the excited base yield significantly more power
than those far from the excitation, especially inside the
locally resonant bandgap.

The effect of optimal power as we move along the
beam from the first harvester toward the last can be
seen in Figure 5(a) (as an absolute quantity) and Figure
5(b) (as a percentage of the total) for various target fre-
quencies (vt=v1 = 25, 50, 75, and 100). After the first
10 harvesters, the power output is significantly reduced.
Targeting a lower vibration mode neighborhood results

Figure 2. Optimal total power of the metastructure (S= 20 resonators) versus normalized excitation frequency (v=v1) and
normalized resistive load (tvt) at vt=v1 = 75.
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in higher power output; however, the trend of decreas-
ing power farther from the excitation point is similar.
The first two harvesters are responsible for 65% and
22% of the total power contribution for each case of
normalized frequency.

3. Experimental results

The experimental system under consideration com-
prises a main beam with nine cantilever attachments.
Each small cantilever beam comprises two identical
mechanical resonators with tip masses. Piezoelectric

patches are bonded at the base of each cantilever on
both sides of the main beam and connected to electrical
loads (resistors) to quantify the electrical output from
these sensors in the locally resonant bandgap neighbor-
hood. The main beam is excited using an electrody-
namic shaker within the frequency range of 0–150 Hz
and the corresponding tip displacement is measured via
a laser Doppler vibrometer (LDV) which measures the
transmissibility frequency response. The voltage output
from each piezoelectric element is also measured to
quantify the energy harvesting capabilities of the meta-
material. A resistance sweep is performed after band-
gap confirmation to obtain the optimal electrical load
for maximum power output. The experimental setup is
shown in Figure 6.

3.1. Single energy harvester characterization

To estimate parameters for the full locally resonant
metastructure, a single energy harvester was isolated
from the full structure as shown in Figure 7.
Experiments were performed by mounting the cantile-
ver to an electrodynamic shaker for base excitation. An
accelerometer was mounted to the shaker to measure
input acceleration while the tip velocity of the cantile-
ver was measured using an LDV. The voltage output
from the piezoelectric patch (across each load resis-
tance) was also measured during experiments.

Model parameters for the lumped-element model
(equations (3) and (4)) were obtained from the

Figure 3. Tip transmissibility versus normalized excitation
frequency at the optimal normalized resistive load topt for vt

v1
=75

with 20 harvesters.

Figure 4. Optimal power output versus normalized excitation frequency for the first nine harvesters at vt

v1
=75.
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experimental FRFs. The lumped mass m was approxi-
mated as the mass of the magnets placed on the tip of
the cantilever, since the tip mass was much greater than
the cantilever mass. The mechanical damping coeffi-
cient was measured using the experimental FRFs via
the quality factor (Q) given as:

Q=
fr

Df
ð19Þ

where fr is the resonant frequency and Df is the half-
power bandwidth corresponding to short circuit (SC) or

open circuit (OC) half-power points fSC,OC =
jTRjSC,OCffiffi

2
p

� �
.

The corresponding damping ratio z and the damping
coefficient were then calculated as

z =
1

2Q
ð20Þ

c= 2z
ffiffiffiffiffiffi
mk
p

ð21Þ

The equivalent stiffness k was estimated using the
experimental SC resonant frequency fSC as

k =(2pfSC)
2m ð22Þ

Figure 5. (a). Optimal power versus harvester index and (b) percentage power contribution as a function of harvester index.

Figure 6. Experimental setup consisting of the main beam with
nine piezoelectric energy harvester-resonators attached to
electrical loads.

Figure 7. Single isolated resonator setup clamped to the
shaker.
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Using the OC resonant frequency fOC, the electrome-
chanical coupling u was calculated as

u=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cp(m2pfOC

2 � k)

q
ð23Þ

where Cp is the measured capacitance of the piezoelec-
tric unit cell attached to the spring steel cantilever. The
experimental results are shown in Figure 8, and the
experimentally identified parameters are shown in
Table 1. Overall, there is excellent agreement between
the model and experimental results. The single harvest-
er’s resonant frequency exhibits a clear shift from SC
(Rl ! 0) to OC (Rl ! ‘) conditions. As load resistance
is increased from SC to OC, the power output (Figure
8(c)) approaches a maximum value (Erturk and Inman,
2008) at the optimal load of 887 kO (f = 77:8 Hz).

3.2. Energy harvesting metastructure

Following the single resonator parameter identification
case, experimental results were obtained for the com-
plete metastructure for all load resistances as shown in
Figure 6. Transmissibility and power FRFs were
plotted for each resistance value and optimal loading
was identified. It was then compared with the modeled
system as described in previous section using the indi-
vidual harvester parameters in Table 1 and primary

Table 1. Estimated parameters for the single resonator.

m– resonator tip mass 0.0036 kg
c– mechanical damping coefficient 0.0525 N/m/s
k– spring steel stiffness 853.63 N/m
u– electromechanical coupling 21.8884 3 10�4 N/V
Cp– capacitance 3.23 3 10�9 F

Figure 8. (a) Transmissibility comparison at all resistances for the single harvester, (b) voltage output comparison at all resistances
for the single harvester, and (c) power output comparison at all resistances for the single harvester. Dashed line in the figures
corresponds to the model whereas solid line represents experimental data.

Table 2. Parameters used for the modeled system.

m– resonator tip mass 0.0036 kg
c– mechanical damping coefficient 0.0525 N/m/s
k– spring steel stiffness 853.63 N/m
u– electromechanical coupling 21.8884 3 10�4 N/V
Cp– capacitance 3.23 3 10�9 F
E– Young’s modulus 70 3 109 Pa
w– width of the beam 0.0254 m
h– thickness of the beam 1.49 3 10�3 m
r– density 2700 kg/m 3

L– length of beam 0.9144 m
mb– mass per length of beam 0.0985 kg/m
mc– mass of clamps 0.0017 kg
v1– fundamental frequency 9.236 rad/s

Khattak et al. 7



beam parameters summarized in Table 2 . For the sake
of brevity, model and experimental data comparison
has only been shown for a load resistance of 280 kO,
which yielded the maximum power output among all
load resistances that were tested. The experimental and
model tip transmissibility, power output, and percent-
age power contribution are shown in Figure 9. Note
that the optimal load for the full metastructure does
not match the optimal load for the single harvester
887 kO, but 280 kO gave nearly identical power output
for the single harvester (see Figure 8(c)). Thus, the dif-
ference in optimal load can be attributed to the small
variation of energy harvester properties in the
metastructure.

Figure 9 shows that the model matches well with the
experimental data. The tip transmissibility in Figure 8
shows that a locally resonant bandgap was created in
the system. The discrepancies between the model and
experimental results can be attributed to the variation
in unit cell properties, the use of a simplified model for
each energy harvester, and the influence of each resona-
tor’s clamping hardware. The experimental results show
that the use of resonant energy harvesters can generate
useful power while still achieving significant vibration
attenuation through the formation of a locally resonant

bandgap. This result is promising for the development
of metastructures with integrated energy harvesting
capabilities, increasing their multifunctionality. For
example, this concept could be used for integrated low-
power sensors and devices for intermittent self-sensing
and diagnostics.

For the individual power contribution by each har-
vester, it can be seen in Figure 9(c) and (d) that the har-
vester closest to the base contributes the most power,
especially inside the locally resonant bandgap. These
results confirm that inside the locally resonant band-
gap, most of the vibrational energy (and the corre-
sponding useful energy harvested) is concentrated near
the base of the beam, gradually decreasing toward the
tip of the structure. Furthermore, this power output is
concentrated and maximum right at the start of the
bandgap at the resonant frequency of the energy har-
vesters. Importantly, this suggests that it may not be
necessary to use energy harvesters in every unit cell of
the metastructure, provided that the excitation source
is consistent. This would greatly reduce the complexity
of the energy harvesting metastructure, without signifi-
cantly compromising its bandgap attenuation perfor-
mance. At the same time, some care must be taken if
the unit cells of the metamaterial are not identical to

Figure 9. (a) Transmissibility comparison versus frequency, (b) fractional power contribution comparison as a function of harvester
index at 80 Hz, (c) power output comparison of each harvester, and (d) fractional power contribution comparison versus frequency.
All comparison between experimental and model data has been done at Rl = 280 kO.
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ensure that the locally resonant bandgap forms as
expected. This may not be a concern for a metamaterial
with weakly-coupled piezoelectric energy harvesters
(i.e. small g), but very well-coupled energy harvesters
may introduce significant damping to the metamaterial
that should be accounted for.

4. Conclusions

This paper presents the numerical and experimental
analysis of a energy-harvesting locally resonant (LR)
metastructure. A modal analysis procedure is used to
discretize the governing equations for the structure,
yielding both finite metastructure response and the infi-
nite metamaterial-type effective properties. Simulations
demonstrate that most of the useful power output of
these metastructures is obtained by the harvesters clo-
sest to the excitation. An experimental platform was
developed comprising a primary cantilever beam with
attached cantilever-type piezoelectric energy harvesters
with tip masses. Experimental model parameters were
obtained for a single energy harvester and then
extended to the full metastructure with nine pairs of
energy harvesters. The experimental results show good
agreement to the model predictions, validating the
overall model approach. Additionally, the experimental
results confirm that most of the harvested power comes
from the first few energy harvesters closest to the exci-
tation, suggesting that it may be sufficient to use only a
few energy harvesters in such LR metastructures.
Future research could be extended to LR metastruc-
tures with nonlinear energy harvesters to obtain better
attenuation performance and increase the bandwidth of
energy harvesting.
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