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Abstract
Regenerative chatter is a well-known machining problem that results in unstable cutting process, poor surface quality and reduced
material removal rate. This undesired self-excited vibration problem is one of the main obstacles in utilizing the total capacity of a
machine tool in production. In order to obtain a chatter-free process on a machining center, stability diagrams can be used. Numerically
or analytically, constructing the stability lobe diagram for a certain spindle–holder–tool combination implies knowing the system
dynamics at the tool tip; i.e., the point frequency response function (FRF) that relates the dynamic displacement and force at that point.
This study presents an analytical method that uses Timoshenko beam theory for calculating the tool point FRF of a given combination
by using the receptance coupling and structural modiﬁcation methods. The objective of the study is two fold. Firstly, it is aimed to
develop a reliable mathematical model to predict tool point FRF in a machining center so that chatter stability analysis can be done, and
secondly to make use of this model in studying the effects of individual bearing and contact parameters on tool point FRF so that better
approaches can be found in predicting contact parameters from experimental measurements. The model can also be used to study the
effects of several spindle, holder and tool parameters on chatter stability. In this paper, the mathematical model, as well as the details of
obtaining the system component (spindle, holder and tool) dynamics and coupling them to obtain the tool point FRF are given. The
model suggested is veriﬁed by comparing the natural frequencies of an example spindle–holder–tool assembly obtained from the model
with those obtained from a ﬁnite element software.
r 2006 Elsevier Ltd. All rights reserved.
Keywords: Chatter stability; Machine tool dynamics; High-performance machining

1. Introduction
Self-excited chatter vibrations caused by regeneration of
waviness result in reduced productivity and poor surface
ﬁnish in machining operations. It is well known that the
regeneration effect is related to the phase between two
vibration waves during the subsequent cuts on a surface.
For certain cutting speeds this phase is minimized
increasing stability of the system. Stability diagrams show
the stable cutting depths as a function of the cutting speed,
and thus can be used to determine stable machining
conditions without losing productivity. Therefore, in order
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to fully employ the capacity of a machine tool under stable
cutting conditions it is required to obtain the stability lobe
diagram for a certain application using a spindle–holder–
tool combination.
History of the stability lobe diagrams and chatter
vibrations of machine tools extends to the studies of
Tobias [1,3] and Tlusty [2,4] which present the basics of
regenerative chatter for orthogonal cutting conditions and
time invariant process factors, such as the direction of
cutting force and chip thickness. Merrit [5] suggested a
theory that uses Nyquist stability criterion yielding similar
results for the same conditions. However, the stability
analysis of milling is complicated due to the rotational tool
resulting in continuously changing directional factors and
time-varying system dynamics. The approximate analytical
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model for milling stability presented by Tlusty [4] was
followed by the time domain simulations [6–8] for
prediction of chatter stability in milling. Minis and
Yanushevsky [9,10] employed Floquet’s theorem and
Fourier series for the formulation of milling stability and
used Nyquist criterion for the numerical solution. Altintas
and Budak [11] presented an analytical milling stability
model also by using Floquet’s theorem and Fourier series
representation of time-varying directional coefﬁcients.
They also included the changing dynamics of the machine
tool and workpiece in the cutting zone [12]. Regardless of
the approach (numerical or analytical), the common point
of the models used for generation of stability lobe diagrams
is the requirement of the tool point frequency response
function (FRF) of the assembly. The well-known relation
for the critical width of cut ðblim Þ for an orthogonal cutting
process is given as [13]
blim ¼

1
,
2K f mRe½GðoÞ

(1)

where Kf is the cutting force coefﬁcient in chip thickness
direction, m is the average number of teeth in cut, and
Re½GðoÞ refers to the real part of the resulting FRF at the
cutting point. Thus, the transfer function (in the form of
point receptance) G(o) is required to obtain the stability
lobe diagram of a given spindle–holder–tool combination.
Using experimental approach, this FRF can be obtained
directly by impact testing. A low-mass accelerometer is
placed at the tool tip of the assembly and the system is
excited at the same point by using an impulse hammer to
obtain the tool point FRF through a spectrum analyzer or
modal testing software. However, for a different combination of the system components (even when the overhang
length of the tool is changed), a new test will be required
since the system dynamics will change. Therefore, the use
of experimental modal analysis requires considerable time
and therefore is not very practical, as it should be repeated
for every holder and tool changes.
In order to minimize experimentation, recently researchers attempted to obtain G(o) semi-analytically. Schmitz
et al. [14–17] implemented the well known receptance
coupling theory of structural dynamics in order to couple
the dynamics of the spindle–holder assembly and the tool
by using the dynamical properties at the holder–tool
interface. Thus, it is suggested to make only a single
experiment at the holder tip of the machine tool, and the
dynamics of the holder is coupled with the analytically
obtained tool dynamics, which is modeled as a uniform
Euler–Bernoulli beam, in order to obtain the tool point
FRF of the complete system. As long as the dynamical
properties at holder–tool interface are analytically modeled
or experimentally obtained accurately for different clamping conditions, this semi-analytical model can provide
accurate results and may save considerable time in
applications where only the conditions related to the
cutting tool are changed. It has previously been observed
that [18,19] tool overhang length itself is a practical

parameter to change the dynamics of the system, especially
with its dynamic vibration absorber effect which sometimes
makes higher overhang lengths more stable than the lower
ones. Schmitz et al. also observed the dynamic absorber
effect of tool in their studies [14,15]. Duncan et al. [20]
focused on the use of this effect in a recent study.
Several improvements have been done on the receptance
coupling approach in the following studies. Park et al. [21]
included the rotational degree of freedom at the tool
holder–tool joint whereas Kivanc and Budak [22] modeled
the tool as a two-segment beam considering the changing
area moment of inertia for more accurate results. They also
studied the effects of the contact length and the clamping
torque on the holder–tool contact stiffness and damping
properties. Duncan and Schmitz [23] improved the use of
receptance coupling approach to handle different holder
types using a single experimental measurement.
Medicus and Schmitz [24] worked on the dynamic
repeatability of the tool point FRF for holder and tool
changes since repeatability is of quite importance in
production applications. As the dynamics of the spindle–
holder interface also affects the dynamic stiffness at the
tool tip, the literature includes studies that point out the
importance of this interface, and suggest alternative
connection ways [25–28].
In the study presented here, not only the tool, but all
components of spindle–holder–tool assembly are modeled
analytically and coupled in order to obtain tool point FRF
by using receptance coupling and structural modiﬁcation
methods. The details of the mathematical model are given
in this paper. The model developed is used for predicting
the tool point FRF of an example spindle–holder–tool
assembly and the results are compared with those of a ﬁnite
element software for veriﬁcation.
2. Mathematical modeling
2.1. Modeling of component segments
In this study, all components of the spindle–holder–tool
assembly are modeled as multi-segment Timoshenko
beams. Euler–Bernoulli beam model used in the previous
studies [14–17,22,23] has been found to be insufﬁcient for
modeling the component dynamics at high frequencies
because of their low slenderness ratios since this approach
neglects the effects of rotary inertia and shear deformation.
In this study, Timoshenko beam model [29,30] is used, and
the results are compared with those of Euler–Bernoulli
formulation, and a considerable improvement has been
observed in the predictions for even relatively slender
components.
The eigenvalue problem of an m-segment Timoshenko
beam yields a characteristic equation expressed in terms of
the determinant of a 4m  4m matrix. As the elements of
the matrix are highly nonlinear, even though the problem
and the size of the matrix are physically meaningful, the
condition number of such a large order matrix generally
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comes out to be very large, which makes it almost
impossible to obtain the higher roots of the determinant
function accurately. In this study, in order avoid this
problem, rather than solving the eigenvalue problems of
continuous models of multi-segment beams, only the
eigensolution of a uniform, single-segment free–free
Timoshenko beam is used. Then, free–free beams of
different diameters and lengths are coupled by using their
end point FRFs to obtain multi-segment beams representing system components, i.e. spindle, tool holder and tool.
The classical eigensolution of free–free Timoshenko
beam is not as simple as that of the Euler–Bernoulli beam.
Different approaches, such as numerical, asymptotical
and semi-analytical, for the eigensolution of Timoshenko
beam, have been suggested in previous works [31–34]. In a
more recent study [35] the frequency and mode shape
equations of uniform Timoshenko beam with generalized
end conditions are presented by using the classical
eigensolution. By eliminating some of the terms to obtain
free–free end conditions, the characteristic equation can be
written as


 D11 D12 


(2)
 ¼ D11 D22  D12 D21 ¼ 0,

 D21 D22 

where n is the Poisson’s ratio of the beam material and m is
the inner to outer diameter ratio of the cross-section
ðm ¼ d inner =d outer Þ. For a circular cross-section which is not
hollow (such as that of a cutting tool) d inner ¼ 0 and the
expression for the shear coefﬁcient becomes

where

for the dynamic bending rotation. Here

D11 ¼ ða  lÞðcos a  cosh bÞ,
D12

la
ðb  dÞ sinh b,
¼ ðl  aÞ sin a þ
bd

D21 ¼ la sin a þ

al
db sinh b,
db

D22 ¼ laðcosh b  cos aÞ.

for the dynamic transverse deﬂection of the beam, and as
a 
a 
Ar h 
r
r
cr ðxÞ ¼
lr C 1 cos
x  C 2 sin
x
L 
L
L




br
br
þdr C 3 cosh
x þ C 4 sinh
x
ð13Þ
L
L

lr ¼ ar 

b2 s 2
;
ar

C 1 ¼ L;

C2 ¼ 

C4 ¼ 

lr ar D11
C1
br dr D12

(5)
(6)

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 2 2
e¼b
b ðs þ R2 Þ2  ðb2 s2 R2  1Þ,
4
(8)

(11)

From the reduced frequency equation of free–free
Timoshenko beam (Eq. (2)), the natural frequency of the
r-th elastic mode can be obtained, and the dimensionless
frequency numbers ar and br of that mode can be
calculated. By using these values, the eigenfunction
expressions can be obtained as
h
a 
a 
r
r
x þ C 2 cos
x
fr ðxÞ ¼ Ar C 1 sin
L
L




br
br
þC 3 sinh
x þ C 4 cosh
x
ð12Þ
L
L

(4)

where

rAo2 L4
;
EI

6ð1 þ nÞ
.
7 þ 6n

(3)

Here, a and b are the dimensionless frequency numbers
given by
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a ¼ O þ e; b ¼ O þ e,
(7)
b2 ðs2 þ R2 Þ
;
O¼
2

k0 ¼

d r ¼ br þ

b2 s2
,
br

(14)

D11
ar  lr
C1; C3 ¼
C1,
D12
d r  br
ðr ¼ 1; 2; 3; . . .Þ,

ð15Þ

and Ar is a constant obtained by the mass normalization of
the eigenfunctions such that the following orthogonality
condition is satisﬁed:
(
Z x¼L
1; r ¼ s
fU r ðxÞgT ½M fU s ðxÞg dx ¼
(16)
0; ras
x¼1
where
(
fU r ðxÞg ¼

fr ðxÞ
cr ðxÞ

)

"
;

½M ¼

rA

0

0

rI

#
.

(17)

EI
I
; R2 ¼
.
(9)
2
k AGL
AL2
Here, r is the density, E is Young’s modulus, G is the
shear modulus, k0 is the shear coefﬁcient, A is the crosssectional area, I is the cross-sectional area moment of
inertia and L is the length of the beam. Note that, for a
beam with hollow circular cross-section (which is the
general cross-sectional geometry of spindle and holder) the
shear coefﬁcient is given as [36]

Note that, due to the existence of shear distortion, the
bending slope function cr ðxÞ is not equal to the derivative
of the lateral deﬂection function fr ðxÞ. Since the beam has
free end conditions, there also exist two rigid body modes
with the mass-normalized eigenfunctions
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
,
(18)
ftrans
ðxÞ ¼
0
rAL

6ð1 þ nÞð1 þ m2 Þ2
k0 ¼
,
ð7 þ 6nÞð1 þ m2 Þ2 þ ð20 þ 12nÞm2

frot
0 ðxÞ

b2 ¼

s2 ¼

0

(10)

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 

12
L
x

¼
.
2
rAL3

(19)
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ftrans
ðxÞ and frot
0
0 ðxÞ represent the translational and
rotational rigid body eigenfunctions, respectively.
Let the end points of the beam be denoted by numbers 1
and 2 as shown in Fig. 1. Using the mass-normalized
eigenfunctions, one might ﬁnd all the receptance functions
that relate the linear and angular displacements to the
forces and the moments applied at these points. The
receptance functions are denoted by letters H, N, L and P
and they are deﬁned as follows:
yj ¼ H jk f k ;
yj ¼ Ljk mk ;

yj ¼ N jk f k ;
yj ¼ Pjk mk ;

(20)

where y and y represent the linear and angular displacements, respectively, and f and m are the forces and the
moments, respectively, applied at the points of interest (j
and k, which take the values of 1 and 2 in this case).
By assuming structural damping with a loss factor of g,
the receptances deﬁned above can be expressed as a
function of excitation frequency o as
1
X
fr ðxj Þ fr ðxk Þ
,
ð1 þ igÞo2r  o2
r¼0

H jk ¼

1
X
f0r ðxj Þ fr ðxk Þ
N jk ¼
,
ð1 þ igÞo2r  o2
r¼0

(21)

(22)

(23)

1
X
f0r ðxj Þ f0r ðxk Þ
,
ð1 þ igÞo2r  o2
r¼0

(24)

where j ¼ 1; 2 and k ¼ 1; 2. In Eqs. (21)–(24), i is the unit
imaginary number and f0r ðxÞ is the derivative of fr ðxÞ with
respect to x.
By substituting Eqs. (12), (18) and (19) into
Eqs. (21)–(24), the point and transfer FRFs of points
1 and 2 can be obtained. For instance, the direct FRFs of
point 1 (for j ¼ 1 and k ¼ 1) will take the following form
H 11 ¼

1
X
1
3
fr ðLÞ fr ðLÞ
þ
þ
,
2
2
rALo
rALo
ð1 þ igÞo2r  o2
r¼1

(25)

N 11 ¼

1
X
6
f0r ðLÞ fr ðLÞ
þ
,
2 2
ð1 þ igÞo2r  o2
rAL o
r¼1

(26)

L11 ¼

1
X
6
fr ðLÞ f0r ðLÞ
þ
,
ð1 þ igÞo2r  o2
rAL2 o2
r¼1

(27)

Fig. 1. Uniform Timoshenko beam with free end conditions.

1
X
12
f0r ðLÞ f0r ðLÞ
þ
.
ð1 þ igÞo2r  o2
rAL3 o2
r¼1

(28)

The remaining 12 FRFs of the beam can be obtained in a
similar manner.
Having obtained all the end point FRFs of a singlesegment beam by using sufﬁcient number of modes in the
summation term for each segment, one might now couple
required number of free–free beams to form the desired
multi-segment beam and ﬁnd its end point FRFs, as
explained in the following section.
2.2. Coupling of component segments
Consider Fig. 2a in which two single-segment Timoshenko beams with free end conditions are coupled to represent
a two-segment free–free beam. The receptance matrices of
the free–free beams A and B can be written as
"
#
½A11  ½A12 
½A ¼
,
(29)
½A21  ½A22 
"

1
X
fr ðxj Þ f0r ðxk Þ
Ljk ¼
,
ð1 þ igÞo2r  o2
r¼0

Pjk ¼

P11 ¼

½B ¼

½B11  ½B12 
½B21  ½B22 

#
,

(30)

where each submatrix includes the point and transfer receptance functions of the segment end points. For example, the
point receptance matrix of point A1 in beam A is given as
"
#
H A1A1 LA1A1
½A11  ¼
.
(31)
N A1A1 PA1A1
Note that ½A11  actually represents ½AA1A1 , and just for
simplicity it is depicted as ½A11  in this paper (the same is true

Fig. 2. (a) Rigid coupling of two uniform beams with free end conditions
and (b) rigid coupling of the n-th segment.
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for other similar submatrices). Similarly, the other point and
transfer receptance matrices can be expressed for segments A
and B.
After writing the individual displacement–force (and
moment) relations for beams A and B, and expressing the
compatibility and continuity relations at the connection
point, one can obtain the receptance matrix of the twosegment beam C as
"
#
½C 11  ½C 12 
½C ¼
,
(32)
½C 21  ½C 22 

1905

Fig. 3. Simple spindle model: multi-segment beam grounded by springs
and dampers.

where
½C 11  ¼ ½A11   ½A12 ½½A22  þ ½B11 1 ½A21 ,

(33)

½C 12  ¼ ½A12 ½½A22  þ ½B11 1 ½B12 ,

(34)

½C 21  ¼ ½B21 ½½A22  þ ½B11 1 ½A21 ,

(35)

½C 22  ¼ ½B22   ½B21 ½½A22  þ ½B11 1 ½B12 .

(36)

It is also possible to couple the dynamics of two
segments by impedance coupling [37]. Impedance coupling
has the general advantage of calculating the receptances of
internal points as well, at the expense of increased matrix
sizes. However, in our case, we only need the tool point
receptance, and therefore the receptance coupling approach is more advantageous as it reduces the computational effort. Furthermore, as far as condition numbers of
resulting matrices are considered, it is obviously preferable
to deal with matrices of lower dimensions. In a very similar
way, one might continue coupling more segments like a
chain to form an n-segment beam with the same boundary
conditions as illustrated in Fig. 2b.
By bringing beams of different diameters and lengths
together, the receptance matrices of main components of
the system, i.e. spindle, holder and tool, can be calculated.
Obviously, the multi-segment components built this way
will have free–free boundary conditions. However, spindle,
which is one of the main components, is supported by
bearings. This implies adding dynamics of the bearings to
the spindle at the bearing locations as springs and dampers.
In this study, the dynamics of the bearings are included to
the system by using structural modiﬁcation approach.
2.3. Including bearing dynamics
As the receptance coupling method used in this study
allows the computation of end point receptances only, the
effect of bearing dynamics is to be included into the system
dynamics while coupling the segment where bearing is
connected. Then, it can be coupled to the rest of the system.
For instance, let us consider the spindle given in Fig. 3. If we
start from the right end, the two segments on the right-hand
side of the bearing can be coupled rigidly to form a twosegment free–free beam, and then bearing dynamics is added
to the left end of this two-segment beam as shown in Fig. 4.
Note that, when the bearing is not connected to the end point

Fig. 4. Receptance coupling of two segments and addition of bearing
dynamics to the system by structural modiﬁcation.

of a uniform segment, the uniform segment where the
bearing is connected must be represented by two parts. As a
consequence, in the example system shown in Fig. 3, we have
eight effective segments although it is a six-segment beam.
The structural modiﬁcation method of Özgüven [38] is used
in including bearing stiffness and damping into system
dynamics. In this method, the receptance matrix of
unmodiﬁed system and the properties of the modiﬁcations
are used to calculate the receptance matrix of the modiﬁed
system. First, the receptance matrices of segments A and B
are coupled as given by Eqs. (33)–(36) and the receptance
matrix of the two-segment beam C is obtained as follows:
2
3
H C1C1 LC1C1 H C1C2 LC1C2
6 N C1C1 PC1C1 N C1C2 PC1C2 7
6
7
½C ¼ 6
(37)
7.
4 H C2C1 LC2C1 H C2C2 LC2C2 5
N C2C1 PC2C1 N C2C2 PC2C2
For the structural modiﬁcation formulation, the receptance matrix given by Eq. (37) should be rearranged as
2
3
H C1C1 H C1C2 LC1C1 LC1C2
6 H C2C1 H C2C2 LC2C1 LC2C2 7
6
7
½aC  ¼ 6
(38)
7.
4 N C1C1 N C1C2 PC1C1 PC1C2 5
N C2C1 N C2C2 PC2C1 PC2C2
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Let [D] be the dynamic structural modiﬁcation matrix which
includes the translational and rotational, stiffness and
damping information of the bearing:
2
3
0 0 0 0
6 0 Ky 0 0 7
6
7
(39)
½D ¼ 6
7,
40 0 0 0 5
0 0 0 Ky
where
K y ¼ ky þ iocy ,

(40)

K y ¼ ky þ iocy ,

(41)

and they are the translational and rotational complex
stiffness expressions, respectively, representing the stiffness
and damping of the bearing. However, it should be noted
that, spindle bearings can be represented by translational
stiffness only as usually self-aligning types are used and they
do not carry moment. When this is the case, K y is taken to be
zero in the above equation. Then, the receptance matrix of
the modiﬁed system ðC 0 Þ can be obtained from
½aC 0  ¼ ½½I þ ½aC  ½D1 ½aC ,

(42)

which can be written in terms of partitioned matrices [38] as
11
11
a11
C 0 ¼ ½I þ aC ½D 

a12
C0

T

21
¼ a21
C 0 ¼ aC

22
21
a22
C 0 ¼ aC  aC

1

a11
C ,

½I  ½D11  a11
C0 ,
D11

a12
C0 .

(43)
(44)
(45)

coupled to the rest of the system to obtain the end point
receptance matrices for the complete spindle.
2.4. Coupling of components
After the end point receptances for each component
(spindle, holder and tool) are obtained, a similar receptance
coupling procedure can be employed to ﬁnd the receptances of the coupled system as shown in Fig. 5a. However,
in dynamic coupling of components, the contact stiffness
and damping representing the joint between these components have to be considered as well. Therefore, the
receptance coupling formulation for the dynamic coupling
of components will be slightly different from the above
formulation given for the coupling of segments.
Note that in Fig. 5a each component is modeled as a
multi-segment beam. Since the holder is usually tapered, in
this study it is modeled using uniform beams of different
diameters. In order to form the assembly seen in Fig. 5a,
the receptance matrices of the components will be coupled
elastically. Fig. 5b shows the components to be joined in
order to form the spindle–holder–tool assembly. As can be
seen in Fig. 5b, the part of the holder inside the spindle is
considered as integrated to the spindle; and similarly, the
part of the tool inside the holder is considered as rigidly
joined to the holder. Such an approach provides a more
realistic model, as otherwise only the dynamics due to the
masses of these parts will be included into the model or it
will be required to include their stiffness effects with
distributed springs. Then, two of the above components

Here [I] is the identity matrix and ½D11  is the sub-matrix of
the structural modiﬁcation matrix [D] when its elements are
rearranged yielding
"
#
½D11  ½0
½D ¼
,
(46)
½0
½0
where
"
D

11

¼

Ky
0

#
0
.
Ky

(47)

Note that, rearranging the modiﬁcation matrix implies
arranging the unmodiﬁed receptance matrix given by
Eq. (38), as well. As can be seen from Eqs (43)–(45), such
an arrangement of the elements of Eq. (38) reduces the order
of the matrices in operation from 4 to 2. As a result, when
this approach (Ref. [38]) is used, only a single matrix of order
two is to be inverted. Further efﬁciency in calculations can be
obtained by using an effective algorithm [39].
After the structural modiﬁcation due to the ﬁrst bearing
is made, the dynamics of the other segments can be
included by applying the receptance coupling procedure
repeatedly until the section where the next bearing is
connected. Then, a similar structural modiﬁcation is
applied in order to include the dynamics of the other
bearing. Finally, the other segments of the spindle are

Fig. 5. (a) Components of a spindle-holder-tool system and their
combination and (b) components to be coupled elastically (sectional view).
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will have composite segments. However, note that, the
contact stiffness and damping parameters representing the
spindle–holder and holder–tool connections should be
determined by considering the actual geometry.
Fig. 6 summarizes the elastic coupling of spindle, holder
and tool. Here, ½K sh  is the complex stiffness matrix
representing spindle-holder interface dynamics:
2
3
sh
0
ksh
y þ iocy
5,
½K sh  ¼ 4
(48)
sh
0
ksh
y þ iocy
sh
where ksh
y is the translational stiffness, cy is the translash
tional damping, ky is the rotational stiffness and csh
y is the
rotational damping at the spindle–holder interface. After
obtaining the end point receptance matrices of subsystem S
(spindle on bearings) and subsystem H (holder), the end
point FRFs of the combined system SH (spindle+holder)
can be obtained by receptance coupling as explained in
Section 2.2. However, in this case, the receptance matrices
of components are coupled through elastic elements, and
therefore the resulting equations will be slightly different
from those given by Eqs. (33)–(36):

½SH11  ¼ ½H 11   ½H 12  ½H 22  þ ½K sh 1 þ ½S 11 

1

½H 21 ,
(49)

½SH12  ¼ ½H 12  ½H 22  þ ½K sh 1 þ ½S 11 
½SH21  ¼ ½S 21  ½H 22  þ ½K sh 1 þ ½S 11 

1

1

½S 12 ,

(50)

½H 21 ,

(51)

½SH22  ¼ ½S 22   ½S21  ½H 22  þ ½K sh 1 þ ½S11 

1907
1

½S12 .
(52)

Similarly, the receptance matrix of the tool can be
coupled with the rest of the system as depicted Fig. 6, and
the resulting matrices of the ﬁnal assembly (spindle, holder
and tool) can be obtained in a very similar manner. The
FRF required to construct the stability lobe diagram of a
given spindle–holder–tool combination is the one which
provides the relation between the transverse displacement
and the force at the tip of the tool, which is the direct point
FRF at the tool tip. It is the ﬁrst element of the point FRF
matrix of the tool tip which can be obtained as
½SHT11  ¼ ½T 11   ½T 12  ½T 22  þ ½K ht 1 þ ½SH11 

1

½T 21 ,
(53)

where subsystem T represents the tool and ½K ht  is the
complex stiffness matrix of the holder–tool interface
dynamics as shown in Fig. 6.
2
3
ht
0
kht
y þ iocy
5.
½K ht  ¼ 4
(54)
ht
0
kht
y þ iocy
Here, kht
is the translational stiffness, cht
is the
y
y
translational damping, kht
is
the
rotational
stiffness
and
y
cht
is
the
rotational
damping
at
the
holder–tool
interface.
y
Note that elastic impedance coupling can be considered as
an alternative to elastic receptance coupling [37]. As
mentioned earlier, impedance coupling reduces the number
of calculation steps at the cost of dealing with matrices of
higher dimensions and reduced computational efﬁciency
due to storing the dynamic information of unnecessary
points.
3. Case study and discussion of results
In this section, the model developed is used to calculate
the point receptance function at the tool tip of a typical
spindle–holder–tool assembly analytically. It is also aimed
to validate the mathematical model by comparing the
natural frequencies with those obtained from a ﬁnite
element model of the system. The numerical results and the
computational efﬁciency of the model are also discussed.
3.1. Prediction of tool point FRF

Fig. 6. Elastic coupling of spindle, holder and tool (sectional view).

The geometry of the spindle–holder–tool combination
used in the case study is shown in Fig. 7, and the dimensions of the components, bearing and interface dynamical
properties of the assembly are given in Tables 1–3.
The material is steel with mass density r ¼ 7800 kg=m3 ,
Young’s modulus E ¼ 200 GPa and Poisson’s ratio
n ¼ 0:3. In addition, the material loss factor is assumed
to be g ¼ 0:003. Typical values from the literature are used
for bearing and interface dynamics. Numerical values
identiﬁed in a recent study [40] are used for bearing and
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spindle–holder interface dynamics, and for the holder–tool
interface dynamics, the values given in Refs. [14,15] are
used. Since the contact damping values do not affect the
natural frequencies of the resulting tool point FRF, very
light damping is used for the bearings and the interfaces.
The magnitude and phase diagrams of the tool point FRF
obtained by using the model developed in this study are
shown in Fig. 8. The tool point FRF GðoÞ found from the
model can now directly be used in the analytical model
presented by Budak et al. [11] to obtain the stability lobe
diagram of the spindle–holder–tool combination in order
to determine the spindle speed–axial depth of cut
combinations for stable machining.
At this point, it is worthwhile to mention the importance
of using Timoshenko beam theory rather than Euler–Bernoulli beam model. It is very well known that rotary inertia
and especially shear deformation [41] are very important
for non-slender components and/or at high frequencies. In
order to demonstrate the effect of using Timoshenko beam
theory, two example FRF plots from the intermediate steps

of the case study are given. The ﬁrst one (Fig. 9) is the point
FRF at the tip of the spindle before it is connected to the
holder and the tool, and the second one (Fig. 10) is the
point FRF of the free–free tool (excluding the part inside
the holder) before it is joined to the system. Note that, the
maximum percentage error in natural frequencies within
the frequency ranges of Figs. 9 and 10, due to using
Euler–Bernoulli model, is 15% for the spindle and 19% for
the tool. Based on these results, it can be concluded that
Euler–Bernoulli model may yield inaccurate results (especially at high frequencies) when it is used in this analytical
model as well as in similar semi-analytical models (such as
classical tool coupling). However, when the resulting tool
point FRFs obtained for both models are considered
(Fig. 11) it can be seen that the results of both models are
fairly in agreement for the same frequency range of Fig. 8.

Table 2
Average dynamical properties of the bearings and interfaces

Front bearings (for each)
Rear bearings (for each)
Spindle–holder interface
Holder–tool interface

Translational
stiffness (N/m)

Rotational stiffness
(N m/rad)

7.5  105
2.5  106
5  107
2  107

—
—
1.5  106
1.5  106

Table 3
Distances of the bearings measured from the right end of the spindle
Bearing no.a

Bearing 1

Bearing 2

Bearing 3

Bearing 4

Distance (mm)

26

78

387

427

a
The bearings are measured from the right end of the spindle and
numbered starting from the same point.

Fig. 7. Components of the case study and their assembly.

Table 1
Component dimensions:a (a) spindle; (b) holder; and (c) tool
(a) Spindle dimensions
Segment number
Length (mm)
Outer diameter (mm)
Inner diameter (mm)
(b) Holder dimensions
Segment number
Length (mm)
Outer diameter (mm)
Inner diameter (mm)
(c) Tool dimensionsb
Segment number
Length (mm)
Outer diameter (mm)
Inner diameter (mm)
a

1
26
66
54

2
26
66
48
1
22
72
16

3
26
66
40

4
38
66
32

2
19
60
16

5
100
76
32
3
24
70
16

1
50
14
0

Component segments are numbered starting from the right end of their given ﬁgures.
The overhang length of the tool is 85 mm for the given combination.

b

6
66
70
32

7
75
62
32

8
30
58
32

4
26
54
16

5
26
48
16
2
57
16
0

9
40
58
32

10
40
58
32
6
26
40
16
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Fig. 10. Point FRF of the free–free tool (excluding the part inside the
holder).

Fig. 8. Tool point FRF GðoÞ of the assembly: (a) magnitude diagram and
(b) phase diagram.

Fig. 11. Tool point FRF for the example case (material loss factor is taken
as close to zero).

Fig. 9. Point FRF at the spindle tip (the holder and tool are not
connected).

Note that, in Fig. 8, the material loss factor is taken to be
very small in order to observe the peaks better; especially,
the peak of the ﬁfth mode which tends to disappear for

even light material damping. This agreement is due to the
fact that at lower frequencies the FRFs are primarily
controlled by the elasticity of the interfaces between
spindle–holder and holder–tool, rather than the ﬂexural
rigidities of the holder and tool themselves. In the
frequency range of interest, the part of the holder outside
the spindle behaves almost as a mass with no elastic
contribution, and the elastic contribution of the tool is at
most from its ﬁrst mode. As can be seen in Fig. 11, an
additional mode comes into the picture in Timoshenko
model, which is not captured by Euler–Bernoulli model at
relatively high frequencies (around 3800 Hz in this case). It
can be concluded that, in case of stiffer connection
dynamics (so that component structural behaviors become
more important) and/or when the frequency range of
interest is wider (and consequently higher modes are of
interest), it becomes a must to use Timoshenko model for
accurate results. Deﬁciency of Euler–Bernoulli model in
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Table 4
Natural frequencies of the assembly used in the case study

Mode
Mode
Mode
Mode
Mode
Mode
Mode

1
2
3
4
5
6
7

Model (Hz)

ANSYSs 9.0
(Hz)

Difference (%)

71.7
195
877.8
1438.3
1819.5
3639.3
3812.5

71.6
193.8
867.5
1424.3
1752.6
3442.5
3634.8

0.14
0.62
1.19
0.98
3.82
5.72
4.89

such a case is illustrated in Fig. 12 which shows the tool
point FRF of the same assembly when a much stiffer
connection is assumed between the components and the
frequency range is extended to 10000 Hz.
In the previous studies that use Euler–Bernoulli model
with classical tool receptance coupling, good agreements
between experimental and predicted FRFs were obtained.
However, it should be noted that in these studies the
connection parameters at the holder–tool interface were
obtained by ﬁtting the model to the experiment tool point
FRFs. In such an approach, depending on the component
geometries, i.e. slenderness ratios, and connection dynamics, using Euler–Bernoulli beam theory rather than
Timoshenko beam theory may result in modeling errors
which can be compensated by the incorrect connection
parameters identiﬁed, and consequently the experimental
and predicted FRFs are expected to be in agreement.
However, then both free tool FRFs and connection
parameters would be in error. Consequently, it can be said
that Euler–Bernoulli beam theory can be used only for
lower frequencies and/or with high slenderness, and
furthermore if our interest is only the tool point FRF,
not those of individual components. Still extreme care is to
be taken.

in this paper and no additional irrelevant modes (such as
axial or torsional vibration modes) come into the picture.
In order to represent the dynamics of bearings and
spindle–holder and holder–tool interfaces, combination
element COMBIN14 (Spring-Damper) of ANSYSs 9.0 is
used.
The natural frequencies of the assembly obtained by the
analytical model proposed and the ﬁnite element model
constructed in ANSYSs 9.0 are tabulated in Table 4. The
percentage difference between the model and FEA predictions are also shown in Table 4. As can be seen from the
table, the natural frequencies of the assembly obtained by
the model presented in this paper and those obtained by
using the ﬁnite element software are in good agreement and
the maximum difference observed for the ﬁrst seven modes
is about 5%.
The FRF analysis of the assembly is performed in
ANSYSs 9.0 and the tool point FRF (for the frequency
range of 0–1700 Hz with a frequency increment of 0.5 Hz) is
obtained in 45 min on a workstation (2  Intels Xeon
2.00 GHz CPU, 1.00 GB RAM). The same FRF is
obtained by the analytical model proposed (for the same
frequency range and frequency increment) in less than a
minute on a PC (1  Intels Centrino 1.70 GHz CPU,
256 MB RAM), which indicates a considerable decrease in
computational time (more than 45 times faster for the case
study), in addition to the saving in preparing input data
(due to avoiding time required for modeling and meshing
operations in FEA).

3.2. Finite element model results

4. Conclusions

In order to verify the results of the model suggested in
this paper, the assembly of the case study (Fig. 7) is
modeled using a reliable ﬁnite element software, ANSYSs
9.0. Beam element BEAM188 of the software, which is
based on Timoshenko beam theory is used for modeling
the components. Even though these two-node beam
elements used for constructing the components are capable
of handling six degrees of freedom at each node, the
degrees of freedom other than motion in one transverse
direction and ﬂexural rotation are restricted so that the
ﬁnite element model is consistent with the model proposed

In this paper, an analytical method that uses receptance
coupling and structural modiﬁcation techniques is presented for modeling spindle–holder–tool assemblies in
machining centers in order to obtain the tool point FRF
which is required for prediction of chatter stability. The
resulting FRF can directly be used in existing numerical or
analytical models to construct the stability lobe diagram of
the assembly.
The results of the model are compared with those
obtained by using ﬁnite element software ANSYSs 9.0 for
veriﬁcation. It is observed that the natural frequencies

Fig. 12. Tool point FRF for highly stiff connection at spindle–holder and
holder–tool interfaces.
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obtained by the model proposed and by the ﬁnite element
software are in good agreement. It is also observed that,
using the model proposed for obtaining the tool point FRF
reduces the computational time considerably (by a factor
of 45 in the case study presented) compared with using FE
analysis. That the model does not require complicated
modeling and meshing operations in computer environment is also another advantage which makes it simpler and
less expensive than FE analysis.
As the components involved (spindle, holder and tool)
are not slender enough to neglect the effects of shear
deformation and rotary inertia, Timoshenko beam theory
is used for modeling their dynamics. The assembly used in
the case study is also modeled by using Euler–Bernoulli
beam theory in order to observe possible differences from
the Timoshenko beam theory results. From the observations made in Section 3, it is concluded that the beam
theory used may not be so crucial at low-frequency region
where the vibrations are primarily controlled by the
elasticity of the connection points rather than component
ﬂexural rigidities. However, it is observed that Euler–Bernoulli model may yield inaccurate results at high frequencies and/or for stiffer connection dynamics. It is also
concluded that if the individual component FRFs are of
interest, it becomes a must to use Timoshenko beam theory
since the structural dynamics will be the only source of
vibrations.
The model can be used in predicting and following the
changes in the tool point FRF due to possible variations in
tool and holder types and/or tool length very quickly and
in a very practical way. Although it is possible to use a
ﬁnite element model for a spindle-holder–tool assembly for
the same purpose, it will always be more costly both in
constructing the model and in the computation time as
demonstrated with a numerical example. Furthermore, it
will not be practical to use a ﬁnite element model in studies
requiring repeated dynamic analyses with several different
geometries and/or conﬁgurations, as it is the case in design
of spindles. At the stage of spindle design, for instance, the
model can be used in order to obtain the maximum
dynamic stiffness at the spindle tip at a required frequency.
Thus, lengths, inner and outer diameters of the segments,
as well as the bearing locations and preloads (therefore the
stiffnesses) can be varied in order to optimize the spindle
geometry at a required frequency (or frequency range).
Since the analytical model suggested in this paper is very
efﬁcient, especially compared with the ﬁnite element
models, various design alternatives can easily be tried and
numerical results can be obtained in a very short time with
a minimum effort.
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