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A generalized framework is presented for the electromechanical modeling of base-excited piezoelectric
energy harvesters with symmetric and unsymmetric laminates. The electromechanical derivations are
given using the assumed-modes method under the Euler–Bernoulli, Rayleigh, and Timoshenko beam
assumptions in three sections. The formulations account for an independent axial displacement variable
and its electromechanical coupling in all cases. Comparisons are provided against the analytical solution
for symmetric laminates and convergence of the assumed-modes solution to the analytical solution with
increasing number of modes is shown. Model validations are also presented by comparing the electrome-
chanical frequency response functions derived herein with the experimentally obtained ones in the
absence and presence of a tip mass attachment. A discussion is provided for combination of the
assumed-modes solution with nonlinear energy harvesting and storage circuitry. The electromechanical
assumed-modes formulations can be used for modeling of piezoelectric energy harvesters with moderate
thickness as well as those with unsymmetric laminates and varying geometry in the axial direction.

� 2012 Elsevier Ltd. All rights reserved.
1 A review of unimorph and bimorph configurations as well as the associated
modeling efforts until the early 1990s was presented as a part of an article by Smits
and Choi [20] with a focus on sensing and actuation. In the 1990s, the application of
piezoelectric materials for vibration damping [21,22] and shape control [23,24] in
flexible structures received tremendous attention. Starting with the early 2000s to
date, the use of structures with piezoelectric ceramics (the so-called piezoelectric
1. Introduction

Vibration-based energy harvesting has received growing atten-
tion over the last decade. The goal in this research field is to power
small electronic components by using the vibrational energy avail-
able in their environment so that the need for battery replacement
and disposal can be minimized. Among the basic transduction
mechanisms that can be used for converting ambient vibrations
into electricity (electromagnetic [1–3], electrostatic [4–6], and pie-
zoelectric [7–10] transduction techniques), piezoelectric transduc-
tion has been most heavily researched as summarized in several
review articles [11–14] directly focusing on piezoelectric energy
harvesting. The main advantages of piezoelectric materials over
the other alternatives are their high power density, ease of applica-
tion, and relative ease of fabrication at small scales [15,16]. More-
over, no bias voltage input is required (unlike the case of
electrostatic transduction) and usable voltage levels can be ob-
tained directly from the material itself without step-up conversion
(unlike in electromagnetic induction).

Unless it is used as a surface patch [17], a cymbal [18] or a stack
[19] configuration, typically, a piezoelectric energy harvester is a
cantilevered beam with one or two piezoceramic layers
ll rights reserved.
(a unimorph or a bimorph)1 and it is located on a vibrating host
structure for electrical power generation from bending vibrations
[7–10]. The existing mechanics-based models mostly cover
Euler–Bernoulli type formulation for thin beams with symmetric
laminates. For symmetric and thin bimorph configurations, duToit
et al. [8] and Elvin and Elvin [9] presented Rayleigh–Ritz type
reduced-order solutions while Erturk and Inman [10] presented
analytical solutions. The literature of energy harvesting lacks exten-
sive treatment of unsymmetric laminates as well as generalized
modeling of both thin and moderately thick configurations with
varying geometric and material properties in a unified framework.
Accurate reduced-order modeling of piezoelectric power generators
is important not only for mechanical design (to tune the generator in
order to match the fundamental resonance frequency with the
energy harvesters) for converting ambient vibrations into electricity has become
arguably the most heavily researched [11–14] application field of piezoelectric
materials. The fields of shunt damping [21,22] and energy harvesting [11–14] are
particularly related. Energy harvesting results in the shunt damping effect [25] (on
the elastic generator itself) due to power transfer from the mechanical to electrical
domain.

http://dx.doi.org/10.1016/j.compstruc.2012.05.010
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Fig. 1. Unimorph piezoelectric energy harvester with varying cross-section.
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excitation frequency) but also to use the reduced-order electrome-
chanical parameters in conjunction with nonlinear storage and
impedance matching circuits [26–29] for system-level design and
time-domain simulations. Considering that some of the recently
proposed applications of piezoelectric energy harvesting aim to be
a part of existing structural components for multifunctionality (such
as the self-charging structure concept [30] that uses piezoelectric
laminates along with thin-film batteries in wing spars of unmanned
aerial vehicles [31]), it is required to extend the thin-beam deriva-
tions to moderately thick-beam configurations as well as varying
geometries.

It is known from the literature of beam vibrations [32,33] that
the dynamics of a beam-like structure strongly depends on its as-
pect ratio and the frequency range of interest. Moreover, laminated
composite cantilevers may result in coupling between the trans-
verse and longitudinal displacement components depending on
the laminate characteristics [34] unlike a perfectly symmetric
bimorph [10]. Han et al. [35] reviewed the Euler–Bernoulli model,
the Rayleigh model, the shear model (which should not be con-
fused with the pure shear beam model [36] that neglects the bend-
ing moment), and the Timoshenko model in a comparative study
and presented frequency equations for different boundary condi-
tions. The Euler–Bernoulli model is the classical beam model for
slender beam configurations with sufficiently high length-to-
thickness aspect ratio so that the shear distortion and rotary inertia
effects are negligible. The Rayleigh model introduces the effect of
rotary inertia to the Euler–Bernoulli model but it neglects the
effect of transverse shear distortion. The shear model adds the
effect of shear distortion to the Euler–Bernoulli model while
neglecting the rotary inertia effect. The Timoshenko model
accounts for both the shear distortion and rotary inertia effects
and is widely used for modeling the dynamics of moderate
length-to-thickness ratio beams for the first few vibration modes.

This paper presents approximate analytical distributed-param-
eter electromechanical modeling of cantilevered piezoelectric en-
ergy harvesters based on the Euler–Bernoulli, Rayleigh, and
Timoshenko beam theories. The technique used here is an electro-
mechanical version of the assumed-modes method [33], which is
based on the extended Hamilton’s principle for electromechanical
media. After deriving the distributed-parameter energy expres-
sions, the extended Hamilton’s principle is employed to obtain
the discretized electromechanical Lagrange’s equations. An axial
displacement variable is kept in the formulation to account for
its coupling with the transverse displacement (in the Euler–
Bernoulli and Rayleigh models) or cross-section rotation (in the
Timoshenko model) due to possible structural asymmetry. The
steady-state electromechanical response expressions are obtained
for harmonic base excitation. Experimental validations are given
for the thin-beam case by comparing the assumed-modes predic-
tions with the experimental and analytical results for different
number of modes in the absence and presence of a tip mass. The
combined use the assumed-modes solution with nonlinear energy
harvesting circuits is also discussed through the modally decou-
pled multi-mode transformer representation.
2. Electromechanical assumed-modes formulation of
piezoelectric energy harvesters

2.1. Unimorph piezoelectric energy harvester and modeling
assumptions

Consider the cantilevered piezoelectric energy harvester config-
uration shown in Fig. 1. The configuration has a single piezoceram-
ic layer bonded onto a substructure layer and it is often called a
unimorph cantilever. The perfectly conductive electrode pair of
negligible thickness fully covers the upper and the lower faces of
the piezoceramic layer separately and is connected to an external
resistive electrical load. The layers are perfectly bonded to each
other so there is no relative sliding at the interface. Deformations
are assumed to be small and the material behavior is assumed to
be linear so that the material, geometric, and dissipative nonlinear-
ities [37,38] are not pronounced. The substructure layer is isotropic
and the piezoceramic layer is transversely isotropic as it is poled in
the thickness direction. The longitudinal axis is denoted by x1

whereas the transverse axis is x3 so that the neutral surface is coin-
cident with the x1 x2-plane in the undeformed configuration. The
goal is to express the voltage output across the external load in
terms of the imposed base excitation.

The following Euler–Bernoulli, Rayleigh, and Timoshenko type
derivations incorporate the modeling of energy harvester beams
with varying cross-section and changing material properties in
the x1-direction as long as the cross-section is symmetric with re-
spect to the x1 x3-plane. The coupling between the axial and trans-
verse displacement components due to a possible structural
asymmetry in the laminates is taken into consideration in all cases.
The cantilever shown in Fig. 1 has no tip mass and the effect of a tip
mass (with its mass moment of inertia) on the following formula-
tion is discussed in Section 5 after the fundamental derivations.

As done in the analytical solutions for symmetric bimorph con-
figurations given by Erturk and Inman [10], the base motion is rep-
resented as translation in the transverse direction with
superimposed small rotation following Timoshenko et al. [32].
Therefore, the effective base displacement acting on the harvester
structure is

wbðx1; tÞ ¼ gðtÞ þ x1hðtÞ ð1Þ

where g(t) is the translation in the transverse direction and h(t) is
the superimposed small rotation.

2.2. Extended Hamilton’s principle with electromechanical coupling

The extended Hamilton’s principle with the internal electrical
energy component isZ t2

t1

ðdT � dU þ dWie þ dWncÞdt ¼ 0 ð2Þ

where dT, dU, dWie, and dWnc are the first variations [39,40] of the
total kinetic energy, the total potential energy, the internal electri-
cal energy, and the work done by the non-conservative mechanical
force and electric charge components. Eq. (2) is the electromechan-
ical version of the Hamilton’s principle that can be found in funda-
mental texts on analytical dynamics or vibrations [33].

In the formulation given here, the effect of base excitation is
considered in the total kinetic energy term and the mechanical
damping effect will be introduced later to the discretized equa-
tions. Hence the only non-conservative work in Eq. (2) is due to
the electric charge output (Q) flowing to the external resistor such
that dWnc = Qdv, where v is the electric potential difference (i.e.,
voltage) across the resistive load, which will be the respective gen-
eralized coordinate.
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The total potential energy in the structure is

U ¼ 1
2

Z
Vs

StTdVs þ
Z

Vp

StTdVp

 !
ð3Þ

where S is the vector of engineering strain components, T is the vec-
tor of engineering stress components, the subscripts s and p stand
for substructure and piezoceramic, respectively, the integrations
are performed over the volume (V) of the respective material and
the superscript t stands for transpose (otherwise it stands for time
throughout the text).

The total kinetic energy of the system can be given by

T ¼ 1
2

Z
Vs

qs
@~ut

@t
@~u
@t

dVs þ
Z

Vp

qp
@~ut

@t
@~u
@t

dVp

 !
ð4Þ

where qs and qp are the mass densities of the substructure and piez-
oceramic layers while ~u is the modified displacement vector that is
the superposition of the effective base displacement input given by
Eq. (1) and the displacement vector u defined with respect to the
moving reference frame located at the clamped end2:

~u ¼ uþ f0 0 wbðx1; tÞ gt ð5Þ

The internal electrical energy in the piezoceramic layer is

Wie ¼
1
2

Z
Vp

EtDdVp ð6Þ

where E is the vector of electric field components and D is the vec-
tor of electric displacement components.

2.3. Electromechanical Lagrange’s equations based on the extended
Hamilton’s principle

The total kinetic energy, the total potential energy, and the
internal electrical energy can be given in terms of the generalized
coordinates as

T ¼ Tðq1; q2; . . . ; qn; _q1; _q2; . . . ; _qnÞ;
U ¼ Uðq1; q2; . . . ; qnÞ; Wie ¼Wieðq1; q2; . . . ; qnÞ ð7Þ

where the over-dots represent differentiation with respect to time.
Here, one of the generalized coordinates is the electrical across var-
iable, i.e., the voltage across the load. Note that the alternative ap-
proach is to use the electric charge as the generalized coordinate
as in the basic derivations of Crandall et al. [40] and it can be shown
through Legendre transformation that the same equations would be
obtained (since the energy and co-energy components are identical
for the static capacitance of the linear system).

The first variations of the foregoing expressions are

dT ¼
Xn

k¼1

@T
@qk

dqk þ
@T
@ _qk

d _qk

� �
; dU ¼

Xn

k¼1

@U
@qk

dqk;

dWie ¼
Xn

k¼1

@Wie

@qk
dqk ð8Þ

and the virtual work done by the generalized non-conservative
forces (Qk) is then

dWnc ¼
Xn

k¼1

Q kdqk ð9Þ

Substituting Eqs. (8) and (9) into Eq. (2) and integrating by parts
givesZ t2

t1

Xn

k¼1

@T
@qk
� @U
@qk
þ @Wie

@qk
þ Q k �

d
dt

@T
@ _qk

� �� �
dqk

( )
dt ¼ 0 ð10Þ
2 Alternatively, one could express the total kinetic energy relative to the moving
base and include the work done by the base excitation as a non-conservative effect.
Based on the standard argument that the extended Hamilton’s prin-
ciple must hold for arbitrary and independent virtual displace-
ments, Eq. (10) leads to the electromechanical Lagrange’s
equations:

d
dt

@T
@ _qk

� �
� @T
@qk
þ @U
@qk
� @Wie

@qk
¼ Q k ð11Þ

where the dissipative effects can be represented as generalized non-
conservative terms.

2.4. Electromechanical Euler–Bernoulli model with axial deformations

The displacement field in the Euler–Bernoulli model is

u ¼ u0
1ðx1; tÞ � x3

@u0
3ðx1 ;tÞ
@x1

0 u0
3ðx1; tÞ

n ot
ð12Þ

where u0
1ðx1; tÞ and u0

3ðx1; tÞ are the axial displacement and the
transverse displacement of the neutral surface at point x1 and time
t relative to the moving base. From this displacement field, the only
non-zero strain component can be extracted as

S1 ¼
@u0

1

@x1
� x3

@2u0
3

@x2
1

ð13Þ

The isotropic substructure obeys Hooke’s law:

T1 ¼ YsS1 ð14Þ

where Ys is the elastic modulus of the substructure layer. Here and
hereafter, the contracted notation (i.e., Voigt’s notation: 11 ? 1,
22 ? 2, 33 ? 3, 23 ? 4, 13 ? 5, 12 ? 6) is directly used in the
subscripts.

The constitutive equations for the stress and the electric dis-
placement components in the piezoceramic layers are

T1 ¼ �cE
11S1 � �e31E3 ¼ �cE

11
@u0

1

@x1
� x3

@2u0
3

@x2
1

 !
þ �e31

v
hp

ð15Þ

D3 ¼ �e31S1 þ �eS
33E3 ¼ �e31

@u0
1

@x1
� x3

@2u0
3

@x2
1

 !
� �eS

33
v
hp

ð16Þ

where �cE
11 is the elastic modulus of the piezoceramic layer at con-

stant electric field, �e31 is the effective piezoelectric stress constant,
�eS

33 is the permittivity component at constant strain (see Appendix
A.1 for these reduced terms), E3 is the electric field component,
and D3 is the electric displacement component in the x3-direction
(i.e., the poling direction). Since Ei = �@u/@xi for an electric potential
u, the electric field in Eqs. (15) and (16) is directly expressed in
terms of the voltage across the external load as E3 = �v/hp, where
hp is the thickness of the piezoceramic layer.

The distributed-parameter variables in the mechanical domain
are u0

3ðx1; tÞ and u0
1ðx1; tÞ whereas the electrical variable is v(t).

The following two finite series represent the two components of
the vibration response:

u0
3ðx1; tÞ ¼

XN

r¼1

arðtÞ/rðx1Þ; u0
1ðx1; tÞ ¼

XN

r¼1

brðtÞarðx1Þ ð17Þ

where /r(x1) and ar(x1) are the kinematically admissible trial func-
tions which satisfy the respective essential boundary conditions
while ar(t) and br(t) are the unknown generalized coordinates. For
notation simplicity, the same number of modes (N) is used in Eq.
(17), which is not a necessary condition, i.e., different number of
modes can associate with different generalized coordinates.



3 Various expressions [42–52] have been derived for the shear correction factor
since Timoshenko’s beam theory [42] was established. A review of the shear
correction factors proposed in 1921–1975 was presented by Kaneko [47], concluding
that the expressions derived by Timoshenko [43] should be preferred. For rectangular
cross-sections, Timoshenko [43] derived j = (5 + 5m)/(6 + 5m) (where is the Poisson’s
ratio for the beam material) theoretically whereas Mindlin [44,45] obtained j = p2/12
experimentally for crystal plates. Cowper’s [46] solution is also widely used and it
differs slightly from Timoshenko’s solution: j = (10 + 10m)/(12 + 11m). The effect of
width-to-depth ratio of the cross-section has been taken into account by Stephen
[48,49] and more recently by Hutchinson [50,51]. Recently, an experimental study on
the effect of width-to-depth ratio of the cross-section has been presented by
Puchegger et al. [52].
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Following the derivation given in Section 2.3, the electrome-
chanical Lagrange’s equations for the Euler–Bernoulli model are
obtained based on the extended Hamilton’s principle as

maa€a�mab €bþ daa _a� dab _bþ kaaa� kabb� hav ¼ f ð18Þ
�mab€aþmbb €b� dab _aþ dbb _b� kabaþ kbbbþ hbv ¼ 0 ð19Þ

Cp _v þ v
Rl
þ ðhaÞt _a� ðhbÞt _b ¼ 0 ð20Þ

Here, a ¼ f a1 a2 . . . aN gt , b ¼ f b1 b2 . . . bN gt , ha ¼
f ha

1 ha
2 . . . ha

N g
t , hb ¼ f hb

1 hb
2 . . . hb

N g
t , f ¼ f f1 f2 . . . fN gt

(where fi emerges from @T=@ _aiÞ, and Cp is the capacitance of the
piezoceramic layer given by Cp ¼ �eS

33Ae=hp (where Ae is the electrode
area) while the matrix and vector components are

maa
rl ¼

Z L

0
ðqsAs þ qpApÞ/rðx1Þ/lðx1Þdx1 ð21Þ

mbb
rl ¼

Z L

0
ðqsAs þ qpApÞarðx1Þalðx1Þdx1 ð22Þ

mab
rl ¼

Z L

0
ðqsHs þ qpHpÞ/0rðx1Þalðx1Þdx1 ð23Þ

kaa
rl ¼

Z L

0
YsIs þ �cE

11Ip
� �

/00r ðx1Þ/00l ðx1Þdx1 ð24Þ

kbb
rl ¼

Z L

0
YsIs þ �cE

11Ip
� �

a0rðx1Þa0lðx1Þdx1 ð25Þ

kab
rl ¼

Z L

0
YsHs þ �cE

11Hp
� �

/00r ðx1Þa0lðx1Þdx1 ð26Þ

ha
r ¼

Z L

0
Jp/

00
r ðx1Þdx1 ð27Þ

hb
r ¼

Z L

0
Bpa0rðx1Þdx1 ð28Þ

fr ¼ �
d2gðtÞ

dt2

Z L

0
ðqsAs þ qpApÞ/rðx1Þdx1

� d2hðtÞ
dt2

Z L

0
ðqsAs þ qpApÞx1/rðx1Þdx1 ð29Þ

where r = 1, . . . ,N and l = 1, . . . ,N, the primes represent differentia-
tion with respect to the space variable x1, and the following area
moments and coupling terms are defined for convenience:

fAs;Hs; Isg ¼
Z Z

s
1; x3; x2

3

� 	
dx2dx3 ð30Þ

fAp;Hp; Ipg ¼
Z Z

p
1; x3; x2

3

� 	
dx2dx3 ð31Þ

Bp ¼
Z Z

p

�e31

hp
dx2dx3 ð32Þ

Jp ¼
Z Z

p

�e31

hp
x3dx2dx3 ð33Þ

In Eqs. (18) and (19), the damping matrix d accounts for the
mechanical dissipation effects and it is assumed to be linearly pro-
portional to the mass and the stiffness matrices (Rayleigh damping
[41]) so that the system under short-circuit or open-circuit condi-
tions is a normal mode system:

daa �dab

�dab dbb

" #
¼ l

maa �mab

�mab mbb

" #
þ c kaa �kab

�kab kbb

" #
ð34Þ

where l and c are the real constants of mass and stiffness propor-
tionality, respectively.

2.5. Electromechanical Rayleigh model with axial deformations

The displacement field in the Rayleigh model is identical to the
form given by Eq. (12). The only difference is that the rotary inertia
effect is taken into consideration in the Rayleigh model. Therefore,
as compared to the Euler–Bernoulli model given in Section 2.4, the
difference is due to the submatrix maa

rl , which takes the following
form instead of Eq. (21):

maa
rl ¼

Z L

0
ðqsAs þ qpApÞ/rðx1Þ/lðx1Þ þ ðqsIs þ qpIpÞ/0rðx1Þ/0lðx1Þ
h i

dx1

ð35Þ

The governing electromechanical equations have the form of Eqs.
(18)–(20). The form of Eqs. (22)–(29) remain the same as they are
not affected by the distributed rotary inertia of the harvester
beam.

2.6. Electromechanical Timoshenko model with axial deformations

The displacement field in the Timoshenko formulation is

u ¼ u0
1ðx1; tÞ � x3w

0ðx1; tÞ 0 u0
3ðx1; tÞ

� 	t ð36Þ

where u0
1ðx1; tÞ and u0

3ðx1; tÞ are the axial displacement and the
transverse displacement of the neutral surface at point x1 and time
t relative to the moving base and w0(x1, t) is the cross-section
rotation.

The two non-zero strain components obtained from the given
displacement field are

S1 ¼
@u0

1

@x1
� x3

@w0

@x1
ð37Þ

S5 ¼
@

@x3
u0

1 � x3w
0� �
þ @u0

3

@x1
¼ @u0

3

@x1
� w0 ð38Þ

where S1 is the axial strain component and S5 is the transverse engi-
neering shear strain component.

The isotropic substructure has the following constitutive
equations:

T1 ¼ YsS1 ¼ Ys
@u0

1

@x1
� x3

@w0

@x1

 !
ð39Þ

T5 ¼ jGsS5 ¼ jGs
@u0

3

@x1
� w0

� �
ð40Þ

where j is Timoshenko’s cross-section dependent shear correction
factor [42,43] and it accounts for the non-uniform distribution of
shear stresses over the cross-section.3 Furthermore, Gs is the shear
modulus of the substructure layer and it is related to the elastic
modulus of the substructure layer through

Gs ¼
Ys

2ð1þ msÞ
ð41Þ

where ms is the Poisson’s ratio of the substructure layer.
The constitutive equations for the piezoceramic layer can be

given by
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T1 ¼ �cE
11S1 � �e31E3 ¼ �cE

11
@u0
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@x1
� x3

@w0

@x1

 !
þ �e31

v
hp

ð42Þ

T5 ¼ j�cE
55S5 ¼ j�cE

55
@u0

3

@x1
� w0

� �
ð43Þ

D3 ¼ �e31S1 þ �eS
33E3 ¼ �e31

@u0
1

@x1
� x3

@w0

@x1

 !
� �eS

33
v
hp

ð44Þ

where, in particular, �cE
55 is the effective shear modulus of the

piezoceramic layer at constant electric field and the expressions
for these reduced terms are given in Appendix A.2.

The distributed-parameter variables in the mechanical domain
are u0

3ðx1; tÞ, u0
1ðx1; tÞ, and w0(x1, t) while the electrical variable is

v(t). The following finite series represent the components of vibra-
tion response:

u0
3ðx1; tÞ ¼

XN

r¼1

arðtÞ/rðx1Þ;

u0
1ðx1; tÞ ¼

XN

r¼1

brðtÞarðx1Þ; w0ðx1; tÞ ¼
XN

r¼1

crðtÞbrðx1Þ ð45Þ

Then the electromechanical Lagrange’s equations for the Timo-
shenko model are obtained as

maa€aþdaa _a�dac _cþkaaa�kacc¼ f ð46Þ

mbb €b�mbc€cþdbb _b�dbc _cþkbbb�kbccþhbv¼0 ð47Þ

�mbc €bþmcc€c�dac _a�dbc _bþdcc _c�kaca�kbcbþkccc�hcv¼0 ð48Þ

Cp _vþ v
Rl
�ðhbÞt _bþðhcÞt _c¼0 ð49Þ

Here, a¼fa1 a2 .. . aN gt , b¼fb1 b2 .. . bN gt , c¼fc1 c2 . .. cN gt ,

hb¼ hb
1 hb

2 .. . hb
N

� 	t
, hc¼ hc

1 hc
2

�
.. .hc

Ng
t , and f¼ff1 f2 . .. fN gt

(where fi is again due to @T=@ _aiÞ, while the matrix and vector com-
ponents are

maa
rl ¼

Z L

0
ðqsAs þ qpApÞ/rðx1Þ/lðx1Þdx1 ð50Þ

mbb
rl ¼

Z L

0
ðqsAs þ qpApÞarðx1Þalðx1Þdx1 ð51Þ

mcc
rl ¼

Z L

0
ðqsIs þ qpIpÞbrðx1Þblðx1Þdx1 ð52Þ

mbc
rl ¼

Z L

0
ðqsHs þ qpHpÞarðx1Þblðx1Þdx1 ð53Þ

kaa
rl ¼

Z L

0
j GsAs þ �cE

55Ap
� �

/0rðx1Þ/0lðx1Þdx1 ð54Þ

kbb
rl ¼

Z L

0
YsAs þ �cE

11Ap
� �

a0rðx1Þa0lðx1Þdx1 ð55Þ

kcc
rl ¼

Z L

0
YsIs þ �cE

11Ip
� �

b0rðx1Þb0lðx1Þ þ j GsAs þ �cE
55Ap

� �
brðx1Þblðx1Þ


 �
dx1 ð56Þ

kac
rl ¼

Z L

0
j GsAs þ �cE

55Ap
� �

/0rðx1Þblðx1Þdx1 ð57Þ

kbc
rl ¼

Z L

0
YsHs þ �cE

11Hp
� �

a0rðx1Þb0lðx1Þdx1 ð58Þ

hb
r ¼

Z L

0
Bpa0rðx1Þdx1 ð59Þ

hc
r ¼

Z L

0
Jpb

0
rðx1Þdx1 ð60Þ

fr ¼ �
d2gðtÞ

dt2

Z L

0
ðqsAs þ qpApÞ/rðx1Þdx1 �

d2hðtÞ
dt2Z L

0
ðqsAs þ qpApÞx1/rðx1Þdx1 ð61Þ
where r = 1, . . . ,N and l = 1, . . . ,N. Rayleigh damping is assumed to
account for the mechanical dissipation effects, where the damping
matrix d is given as a linear combination of the mass and the stiff-
ness matrices through the real constants of proportionality l and c:

daa 0 �dac

0 dbb �dbc

�dac �dbc dcc

2
64

3
75 ¼ l

maa 0 0
0 mbb �mbc

0 �mbc mcc

2
64

3
75

þ c
kaa 0 �kac

0 kbb �kbc

�kac �kbc kcc

2
64

3
75 ð62Þ
3. Solution of the governing electromechanical equations

The governing equations in the previous sections given by Eqs.
(18)–(20) for the Euler–Bernoulli and Rayleigh models and by Eqs.
(46)–(49) for the Timoshenko model can easily be put into the
first-order form in order to handle arbitrary base translation and
small rotation inputs by numerical solution given the initial condi-
tions. For the special case of harmonic base excitation, this section
presents closed-form expressions for the electromechanically cou-
pled vibration and electrical response at steady state.

3.1. Euler–Bernoulli and Rayleigh models

If the base displacement components are harmonic of the forms
g(t) = W0 ejxt and h(t) = #0ejxt (where x is the excitation frequency
and j is the unit imaginary number), then the forcing vector given
by Eq. (29) becomes

f ¼ Fejxt ð63Þ

where

Fr ¼ rrx2W0

Z L

0
ðqsAs þ qpApÞ/rðxÞdxþ srx2#0

Z L

0
ðqsAs

þ qpApÞx/rðxÞdx ð64Þ

Based on the linear system assumption, the generalized coordinates
in the response expansions given by Eq. (17) are also harmonic of
the form a = Aejxt and b = B ejxt while v = Vejxt at steady state. After
substituting these response forms into Eqs. (18)–(20) and performing
matrix manipulations, one can obtain the steady-state response for
the voltage across the load and the vibration response components as

vðtÞ ¼ jx jxCp þ
1
Rl

� ��1

�ðhaÞt þ ðhbÞtðCbbÞ�1Cba
h i

� ½Caa � CabðCbbÞ�1Cba��1Fejxt ð65Þ

u0
3ðx1; tÞ ¼ Utðx1Þ½Caa � CabðCbbÞ�1Cba��1Fejxt ð66Þ

u0
1ðx1; tÞ ¼ atðx1ÞðCbbÞ�1Cba½Caa � CabðCbbÞ�1Cba��1Fejxt ð67Þ

where U(x1) and a(x1) the vectorial representations of the respec-
tive admissible function sets /r(x1) and ar(x1) in Eq. (17) while the
remaining terms are

Caa ¼ �x2maa þ jxdaa þ kaa þ jx jxCp þ
1
Rl

� ��1

haðhaÞt ð68Þ

Cbb ¼ �x2mbb þ jxdbb þ kbb þ jx jxCp þ
1
Rl

� ��1

hbðhbÞt ð69Þ

Cab ¼ �x2mab þ jxdab þ kab þ jx jxCp þ
1
Rl

� ��1

haðhbÞt ð70Þ

Cba ¼ �x2mab þ jxdab þ kab þ jx jxCp þ
1
Rl

� ��1

hbðhaÞt ð71Þ
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Here, the relevant matrices and vectors are due to Eqs. (21)–(29)
and (34) for the Euler–Bernoulli model while Eq. (35) replaces Eq.
(21) for the Rayleigh model.

3.2. Timoshenko model

Assuming the harmonic forms g(t) = W0ejxt and h(t) = #0ejxt for
the base motion input, the forcing vector again takes the form gi-
ven by Eq. (63). Then the generalized coordinates in Eq. (45) take
the steady-state forms of a = Aejxt, b = B ejxt, and c = Cejxt, while
the steady-state voltage output becomes v = Vejxt. These response
forms can be substituted into Eqs. (46)–(49) to obtain

vðtÞ¼ jx jxCpþ
1
Rl

� ��1

ð~hbÞtðCbbÞ�1Cbc�ð~hcÞt
h i

fCaaðCcaÞ�1½Ccc

�CcbðCbbÞ�1Cbc��Cacg�1Fejxt

ð72Þ
u0
3ðx1; tÞ ¼ Utðx1ÞðCcaÞ�1½Ccc � CcbðCbbÞ�1Cbc�fCaaðCcaÞ�1½Ccc

� CcbðCbbÞ�1Cbc� � Cacg�1Fejxt ð73Þ
u0
1ðx1; tÞ ¼ atðx1ÞðCbbÞ�1CbcfCaaðCcaÞ�1½Ccc � CcbðCbbÞ�1Cbc�

� Cacg�1Fejxt ð74Þ
w0ðx1; tÞ ¼ btðx1ÞfCaaðCcaÞ�1½Ccc � CcbðCbbÞ�1Cbc�

� Cacg�1Fejxt ð75Þ

where U(x1), a(x1), and b(x1) are the vectorial representations of the
respective admissible function sets /r(x1), ar(x1), and br(x1) in Eq.
(45) while the remaining terms are

Caa ¼ �x2maa þ jxdaa þ kaa ð76Þ

Cbb ¼ �x2mbb þ jxdbb þ kbb þ jx jxCp þ
1
Rl

� ��1

hbðhbÞt ð77Þ

Ccc ¼ �x2mcc þ jxdcc þ kcc þ jx jxCp þ
1
Rl

� ��1

hcðhcÞt ð78Þ

Cac ¼ Cca ¼ jxdac þ kac ð79Þ

Cbc ¼ �x2mbc þ jxdbc þ kbc þ jx jxCp þ
1
Rl

� ��1

hbðhcÞt ð80Þ

Ccb ¼ �x2mbc þ jxdbc þ kbc þ jx jxCp þ
1
Rl

� ��1

hcðhbÞt ð81Þ

and the relevant matrices and vectors are due to Eqs. (50)–(62).
Fig. 2. Bimorph piezoelectric energy harvester configurations with symmetric
laminates and varying cross-section: (a) series connection and (b) parallel
connection.
4. Modeling of configurations with symmetric laminates:
Bimorph configurations

4.1. Euler–Bernoulli and Rayleigh models

For a geometrically symmetric configuration (i.e., configuration
with symmetric laminates with respect to the neutral surface) such
as the bimorph cantilevers [10] shown in Fig. 2, the Hs and Hp terms
causing the coupling between the transverse displacement and the
axial displacement vanish, reducing the discretized equations of
the system given by Eqs. (18)–(20) to

maa€aþ daa _aþ kaaa� hav ¼ f ð82Þ

Ceq
p _v þ v

Rl
þ ðhaÞt _a ¼ 0 ð83Þ

This simplest form is similar to the symmetric thin bimorph equa-
tions derived using the Rayleigh–Ritz method [8,9]. The capacitance
term here for the case of multiple piezoelectric laminates is the
equivalent capacitance Ceq

p (which depends on the way the elec-
trode pairs are combined, e.g., series or parallel as in Fig. 2). Like-
wise the coupling vector (ha) depends on the way the electrode
pairs are connected. Table 1 summarizes the equivalent capacitance
and electromechanical coupling terms for symmetric bimorph con-
figurations modeled based on the Euler–Bernoulli and Rayleigh
beam theories.

4.2. Timoshenko model

For a geometrically symmetric cantilever, Eq. (47) decouples
from the electromechanical equations of the system, yielding

maa€aþ daa _a� dac _cþ kaaa� kacc ¼ f ð84Þ
mcc€c� dac _aþ dcc _c� kacaþ kccc� hcv ¼ 0 ð85Þ

Ceq
p _v þ v

Rl
þ ðhcÞt _c ¼ 0 ð86Þ

where the capacitance Ceq
p

� 

and the electromechanical coupling

(hc) terms are again for the equivalent of multiple layers. For sym-
metric bimorph configurations modeled based on the Timoshenko
beam theory, these terms are as given in Table 2.

5. Presence of a tip mass in the Euler–Bernoulli, Rayleigh, and
Timoshenko models

If the energy harvester configuration shown in Fig. 1 has a tip
mass of Mt with a mass moment of inertia of It attached rigidly
at x1 = L, the total kinetic energy expressions should be modified
accordingly in the electromechanical models discussed in this
paper. Such a modification in the total kinetic energy alters the
mass matrices as well as the effective forcing term resulting from
base excitation as summarized in the following. In the following
discussion, the moment of inertia It of the tip mass accounts for
its geometric information in case the point mass assumption fails
(for a relatively large tip mass). Some authors prefer expanding
the term It [53,54] whereas this compact representation is pre-
ferred here as in Erturk and Inman [10]. It is important to note that
Table 1
Equivalent capacitance and electromechanical coupling terms for bimorphs with
symmetric laminates modeled based on the Euler–Bernoulli and Rayleigh beam
theories.

Series connection Parallel connection

Ceq
p �eS

33Ae=2hp 2�eS
33Ae=hp

ha
r

R L
0 Jp/

00
r ðx1Þdx1 2

R L
0 Jp/00r ðx1Þdx1



Table 2
Equivalent capacitance and electromechanical coupling terms for bimorphs with
symmetric laminates modeled based on the Timoshenko beam theory.

Series connection Parallel connection

Ceq
p �eS

33Ae=2hp 2�eS
33Ae=hp

hc
r

R L
0 Jpb

0
rðx1Þdx1 2

R L
0 Jpb0rðx1Þdx1
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It should be expressed at the end of the elastic point (on the neutral
axis) where the boundary condition is written (x1 = L), which re-
quires using the parallel-axis theorem [55] to shift the centroidal
mass moment of inertia to this point.

5.1. Euler–Bernoulli model

In the Euler–Bernoulli model, inclusion of a tip mass modifies
the sub-matrix maa

rl to

maa
rl ¼

Z L

0
ðqsAs þ qpApÞ/rðx1Þ/lðx1Þdx1 þMt/rðLÞ/lðLÞ

þ It/
0
rðLÞ/

0
lðLÞ ð87Þ
5.2. Rayleigh model

After the inclusion of the tip mass, the sub-matrix maa
rl in the

Rayleigh model becomes

maa
rl ¼

Z L

0
½ðqsAs þ qpApÞ/rðx1Þ/lðx1Þ þ ðqsIs

þ qpIpÞ/0rðx1Þ/0lðx1Þ�dx1 þMt/rðLÞ/lðLÞ þ It/
0
rðLÞ/

0
lðLÞ ð88Þ
5.3. Timoshenko model

The sub-matrices altered in the Timoshenko model due to this
modification are maa

rl and mcc
rl :

maa
rl ¼

Z L

0
ðqsAs þ qpApÞ/rðx1Þ/lðx1Þdx1 þMt/rðLÞ/lðLÞ ð89Þ

mcc
rl ¼

Z L

0
ðqsIs þ qpIpÞbrðx1Þblðx1Þdx1 þ ItbrðLÞblðLÞ ð90Þ
5.4. Modification of the effective force

In the Euler–Bernoulli, Rayleigh and Timoshenko models, the
base excitation term fr derived from the total kinetic energy
expression becomes

fr ¼ �
d2gðtÞ

dt2

Z L

0
ðqsAs þ qpApÞ/rðx1Þdx1 þMt/rðLÞ

� �

� d2hðtÞ
dt2

Z L

0
ðqsAs þ qpApÞx1/rðx1Þdx1 þMtL/rðLÞ

� �
ð91Þ
6. Comments on the kinematically admissible trial functions

6.1. Euler–Bernoulli and Rayleigh models

According to the kinematic boundary conditions at the clamped
end, the admissible functions in Eq. (17) should satisfy

/rð0Þ ¼ 0; /0rð0Þ ¼ 0; arð0Þ ¼ 0 ð92Þ
For the admissible functions /r(x1) of the transverse displacement,
one can use the eigenfunctions of the respective symmetric struc-
ture [10] (Fig. 2). Therefore,

/rðx1Þ ¼ cos
kr

L
x1 � cosh

kr

L
x1

þ
sin kr � sinh kr þ kr

Mt
mL ðcos kr � cosh krÞ

cos kr þ cosh kr � kr
Mt
mL ðsin kr � sinh krÞ

sin
kr

L
x1 � sinh

kr

L
x1

� �

ð93Þ

Here, kr is the rth root of the transcendental equation

1þcoskcoshkþk
Mt

mL
ðcosksinhk�sinkcoshkÞ

� k3It

mL3 ðcoshksinkþsinhkcoskÞþk4MtIt

m2L4 ð1�coskcoshkÞ¼0 ð94Þ

where m is the mass per length of the beam:

m ¼ qsAs þ qpAp ð95Þ

Eqs. (93) and (94) simplify dramatically in the absence of a tip mass
(Mt = It = 0). In fact, even in the presence of a tip mass, one can use
the simplified form of Eq. (93) with Mt = 0 which is still kinemati-
cally admissible for kr obtained from

1þ cos k cosh k ¼ 0 ð96Þ

However, in the presence of a tip mass, using the eigenvalues ob-
tained from Eq. (94) leads to faster convergence (with less number
of modes) in the discretized system. Note that the foregoing admis-
sible functions become the eigenfunctions for a thin (Euler–
Bernoulli type) structure with symmetric laminates.

If one prefers to avoid the hyperbolic functions appearing in the
eigenfunctions of the symmetric structure, the following is a typi-
cal admissible function used for clamped-free boundary conditions
[56]:

/rðx1Þ ¼ 1� cos
ð2r � 1Þpx1

2L

� �
ð97Þ

which satisfies /rð0Þ ¼ /0rð0Þ ¼ 0. Polynomial forms and static solu-
tions can also be used to satisfy /rð0Þ ¼ /0rð0Þ ¼ 0.

Similarly, the eigenfunctions of the symmetric structure under
longitudinal vibrations [57] can be used as the admissible func-
tions of the unsymmetric structure here:

arðx1Þ ¼ sin
gr

L
x1 ð98Þ

where gr is the rth root of the transcendental equation

Mt

mL
gr singr � cos gr ¼ 0 ð99Þ

Alternatively, the roots of cosgr = 0 (i.e. gr = (2r � 1)p/2,
r = 1,2, . . .,N) can be used in Eq. (98) for simplicity.

6.2. Timoshenko model

Based on the kinematic boundary conditions at the clamped
end, the admissible functions in Eq. (45) should satisfy

/rð0Þ ¼ 0; arð0Þ ¼ 0; brð0Þ ¼ 0 ð100Þ

For /r(0) = 0 to be satisfied, one can use the form of /r(x1) given by
Eq. (93). However, for this choice of /r(x1), it is useful to note that
/0rð0Þ ¼ 0 implies zero shear strain at the root (due to br (0) = 0),
which is not realistic for a clamped boundary. A simple trigonomet-
ric function similar to Eq. (97) could be a better alternative com-
pared to Eq. (93). Eqs. (100) also accept trigonometric forms.
Alternatively, polynomial forms can be employed. Several other
options exist in the literature to use as the trial functions for



Table 3
Geometric and material properties of the PZT-5H bimorph cantilever.
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Timoshenko beams, such as the implementations of Chebyshev
polynomials [58] and static solutions [59].
Piezoceramic (PZT-
5H)

Substructure
(brass)

Length [mm] 24.53 24.53
Width [mm] 6.4 6.4
Thickness [mm] 0.265 (each) 0.140
Mass density [kg/m3] 7500 9000
Elastic modulus [GPa] 60.6 105
Effective piezoelectric constant

[C/m2]
�16.6 –

Permittivity constant [nF/m] 25.55 –
7. Experimental validation for a brass-reinforced PZT-5H
bimorph cantilever

7.1. Experimental setup

The cantilever used for model validation is a brass-reinforced
bimorph (T226-H4–203X) manufactured by Piezo Systems Inc. As
shown in Fig. 3, a small electromagnetic shaker (TMC Solution
TJ-2) is used for base excitation of the bimorph cantilever and the
acceleration at the base of the cantilever is measured by a small
accelerometer (PCB Piezotronics U352C67) attached to the
aluminum clamp of the cantilever using wax. The tip velocity of
the cantilever in the transverse direction is measured using a laser
vibrometer (Polytec PDV100) by attaching a small reflector tape
at the tip of the cantilever. The data acquisition system (SigLab
20–42) receives three simultaneous measurements (base
acceleration, voltage across the load, and tip velocity response)
and processes these data to give the voltage output – to – base accel-
eration and the tip velocity – to – base acceleration frequency
response functions (FRFs). Chirp excitation (burst type with five
averages) is provided to the shaker from the output channel of the
data acquisition system (which is connected to a Hewlett–Packard
6826A power supply before the electromagnetic shaker). Since the
purpose is validating the linear electromechanical derivations, it is
ensured that the base acceleration level in the FRF measurements
is less than 0.1g so that the material, dissipative, and geometric
nonlinearities [37,38] are not pronounced. This acceleration level
sufficiently represents the level of vibration in various ambient
vibrational energy sources as reviewed by Roundy et al. [60].

The bimorph cantilever is composed of two oppositely poled
thin PZT-5H piezoelectric elements bracketing a brass substructure
layer. The brass layer provides the electrical conductivity between
the bottom electrode of the top layer and the top electrode of the
bottom layer. Therefore, collecting the charge output from the out-
ermost electrodes becomes the series connection case as in the
schematic given by Fig. 2a. The geometric and the material proper-
ties of the piezoceramic and the substructure layers in the cantile-
vered condition are given in Table 3. Typical properties for PZT-5H
[61] are used here to calculate the effective parameters (Appendix
A.1). Note that, in agreement with the formulation, the length is
the overhang length of the harvester, i.e. it is not the total free
length (31.8 mm) of the bimorph as received from the manufac-
turer. The overhang length of the cantilever is measured as
24.53 mm. A reflector tape of negligible mass is attached close to
the tip of the beam and the position of velocity measurement on
the reflector is approximately 1.5 mm from the free end
(x1 = 23 mm is used in the tip deflection calculation). The set of
resistors used in the experiment ranges from 470 X to 995 kX.
Fig. 3. Experimental setup showing the brass-reinforced PZT-5H bimorph cantile-
ver clamped to the armature of a shaker and a set of resistive loads.
The 12 resistors used in the experiment sufficiently represent the
range between the short-circuit and open-circuit conditions.

The sample used in the experiments is thin enough to neglect
the effects of shear distortion and rotary inertia in modeling for
the fundamental vibration mode. Hence, the Euler–Bernoulli type
assumed-modes formulation (Section 2.5) is employed in the mod-
el simulations. According to the geometric and materials proper-
ties of the cantilever given in Table 3, the coupling between the
independent transverse and longitudinal displacement compo-
nents vanishes (Section 4.1). The admissible function used in all
simulations is the trigonometric admissible function given by Eq.
(97). All comparisons are given against the experimental measure-
ments as well as the formerly presented analytical solution [10].
The purely mechanical viscous damping ratio (f) is identified as
0.874% for the fundamental vibration mode from the first FRF mea-
surement, i.e., f1 = 0.00874 [63].
7.2. Electromechanical FRFs and model validation

Fig. 4 shows the assumed-modes predictions of the electrome-
chanical FRFs for all resistors with only one mode used in the solu-
tion (N = 1). Note that the base acceleration in both FRFs is
normalized with respect to the gravitational acceleration,
g = 9.81 m/s2, and the arrows in each set of FRFs indicate the direc-
tion of increasing load resistance. Both the voltage and the tip
velocity predictions are highly inaccurate especially in terms of
the resonance frequency when N = 1. If the number of modes in
the assumed-modes solution is increased to N = 3, the predictions
are improved substantially as observed in Fig. 5 (see also Table 4).
The resonance frequencies shown in Table 4 are the fundamental
short-circuit (Rl ? 0) and open-circuit (Rl ?1) resonance frequen-
cies. Further increase in the number of modes up to N = 5 (Fig. 6)
and then to N = 10 (Fig. 7) provides uniform convergence to the
analytical [10] frequencies (Table 4). Although increasing the num-
ber of modes any further does not seem to be improving the model
predictions considerably, including more modes improve the pre-
dictions of higher vibration modes which are not discussed here.
Note that, the fundamental natural frequency estimated using this
technique gives an upper bound for the lowest natural frequency
[33] (as in the Rayleigh–Ritz method); that is, the approximated
fundamental natural frequency cannot underestimate the analyti-
cal value regardless of the number of modes used. The reader is re-
ferred to Meirovitch [33] for an extensive discussion on the
Rayleigh–Ritz and assumed-modes methods, their differences,
and relations to the analytical solution for conventional (passive)
vibrating systems. If the exact eigenfunctions are used in the solu-
tion (which are available in this case due to Eq. (93)), using only
one mode is sufficient for practical purposes and the results be-
come identical to the predictions of the single-mode analytical
solution [10].

Further discussion of practical value is related to the variations
of the electrical and mechanical response amplitudes (per base



Fig. 4. Comparison of the (a) voltage FRFs and (b) tip velocity FRFs against the experimental data and the analytical solution (N = 1 in the assumed-modes solution and the
arrows indicate the direction of increasing load resistance).

Table 4
Assumed-modes predictions of the fundamental short-circuit and open-circuit
resonance frequencies of the voltage FRF (compared against the analytical and the
experimental results).

Short-circuit resonance
frequency [Hz]

Open-circuit resonance
frequency [Hz]

Fig. 5. Comparison of the (a) voltage FRFs and (b) tip velocity FRFs against the experimental data and the analytical solution (N = 3 in the assumed-modes solution and the
arrows indicate the direction of increasing load resistance).
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acceleration) with changing load resistance at the fundamental
short-circuit and open-circuit resonance frequencies, 502.6 Hz
and 524.5 Hz, respectively. The variation of the voltage output is
shown in Fig. 8a, where the voltage amplitude increases monoton-
ically with increasing load resistance at both frequencies. The
opposite but still monotonic behavior is observed in the current
versus load resistance diagram shown in Fig. 8b. In both cases,
excitation at the short-circuit resonance frequency gives larger
output when the system is close to short-circuit conditions, and
vice versa for the open-circuit resonance frequency. The most
important output in energy harvesting is the electrical power,
which is illustrated in Fig. 8c. Since the system is lightly damped
and strongly coupled [62,63], approximately the same power out-
put (0.22 mW/g2) is delivered to substantially different optimal
resistance values (7.6 kX at 502.6 Hz and 189 kX at 524.5 Hz).
The effect of Joule heating in the resistor [22,25] on the dynamics
of the generator can be found in Fig. 8d, which displays the tip
velocity versus load resistance curves at these two frequencies.
Significant vibration attenuation is observed in Fig. 8d in the region
of maximum power transfer to the electrical load. It is important to
note that the velocity response measured by the laser vibrometer is
the absolute velocity response relative to the fixed reference frame
(superposition of the base motion and the relative vibratory
motion, analogous to Eq. (5)).
Experimental 502.5 524.7
Analytical 502.6 524.5
Assumed-modes

(N = 1)
523.8 555.3

Assumed-modes
(N = 3)

503.2 525.5

Assumed-modes
(N = 5)

502.7 524.7

Assumed-modes
(N = 10)

502.6 524.5
7.3. Effect of a tip mass on the frequency response

In order to investigate the effect of a tip mass and to demon-
strate the validity of the model in the presence of a tip mass, a
cube-shaped rectangular mass is attached to the tip of the brass-
reinforced PZT-5H bimorph cantilever tested here (Fig. 9a). The
tip mass information is introduced to the model directly and the
accuracy of the model predictions is checked without changing
the overhang length of the beam as well as the clamping condition.
At tip of the cantilever, the mass moment of inertia about the cen-
ter axis of the bimorph is obtained from

It ¼ Mt
a2

6
þ aþ hs

2
þ hp

� �2
" #

ð101Þ

where Mt = 0.239 � 10�3 kg (measured), the first term inside the
parenthesis is for the mass moment of inertia about the center axis
of the cube and the second term is due to the parallel-axis theorem
[55] to account for the offset of the tip mass to one side (the geo-
metric parameters can be found in Fig. 9b, where a = 3.2 mm).
Substituting the numerical data into Eq. (101), the mass moment
of inertia at the tip of the cantilever is calculated as
It = 1.285 � 10�9kg.m2. The purely mechanical viscous damping
ratio for the fundamental vibration mode is identified as 0.845%
from the first FRF measurement.



Fig. 8. Variations of the (a) voltage, (b) current, (c) power, and (d) tip velocity amplitudes (per base acceleration input) with changing load resistance for excitations at the
fundamental short-circuit and open-circuit resonance frequencies (N = 10).

Fig. 6. Comparison of the (a) voltage FRFs and (b) tip velocity FRFs against the experimental data and the analytical solution (N = 5 in the assumed-modes solution and the
arrows indicate the direction of increasing load resistance).

Fig. 7. Comparison of the (a) voltage FRFs and (b) tip velocity FRFs against the experimental data and the analytical solution (N = 10 in the assumed-modes solution and the
arrows indicate the direction of increasing load resistance).
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After employing the tip mass information in the assumed-
modes model, a similar convergence investigation can be per-
formed as done in the absence of a tip mass (Figs. 4–7). Here, only
the final electromechanical FRFs for N = 10 (10 modes used in the
solution) are shown in Fig. 10 while the fundamental short-circuit
and open-circuit frequencies for different number of modes are
summarized in Table 5. As in the previous case (no tip mass), these
frequencies are identical to those obtained from the analytical
solution [10] when N = 10 is used in the assumed-modes solution.
For excitations at the fundamental short-circuit and open-circuit
resonance frequencies, the performance diagrams shown in
Fig. 11 exhibit similar characteristics to those given by Fig. 8 (in
the absence of a tip mass). However, it is important to note that
the response amplitudes have increased as compared to the case
without a tip mass. Particularly, the maximum power output for
excitations at the fundamental short-circuit or open-circuit reso-
nance frequencies (338.5 Hz and 355.4 Hz, respectively) is now
0.46 mW/g2 (which is twice the power output normalized with



Fig. 9. Bimorph cantilever after the addition of the cube-shaped tip mass: (a) close-up view and (b) schematic.
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respect to base acceleration amplitude as compared to the previous
case).
8. On the dynamics of combined power generator – energy
storage systems

8.1. The concept of combining a reduced-order transformer model with
nonlinear circuitry

In addition to the fact that the assumed-modes formulations gi-
ven here incorporate structural configurations with changing geo-
metric and material properties as well as unsymmetric and
moderately thick laminates, an important practical use is its ease
of implementation to combine with circuit simulation software
for predicting the system dynamics in the presence of sophisti-
cated storage electronics that require time-domain numerical sim-
ulations. This approach follows Elvin and Elvin [9], Kong et al. [29],
and Yang and Tang [64] who formerly used Euler–Bernoulli type
Rayleigh–Ritz and finite-element models in conjunction with SPICE
(Simulation Program with Integrated Circuit Emphasis) and other
circuit simulation software in order to investigate the complete
dynamics of the system with a reduced-order energy harvester
model in the presence of a nonlinear storage circuit (rather than
a linear resistive load). The concept of solving generalized energy
harvesting problems with nonlinear circuit components (e.g.,
diodes) is therefore extended to all three beam theories covered
herein.
8.2. Modal decoupling of the governing equations with an example for
the Timoshenko model

The aforementioned concept is demonstrated with an example
by focusing on a unimorph cantilever modeled based on the Timo-
shenko beam theory. Recall that the governing dynamics in the
presence of a linear resistive load are due to Eqs. (46)–(49), where
coupling exists between the mechanical generalized coordinates.
Before the system can be represented as a multi-mode transformer,
Fig. 10. Comparison of the (a) voltage FRFs and (b) tip velocity FRFs against the experim
assumed-modes solution and the arrows indicate the direction of increasing load resist
the coupling between the mechanical generalized coordinates
should be eliminated.

Eqs. (46)–(49) can be combined to give

�m€pþ �d _pþ �kp� �hv ¼ �f; Cp _v þ v
Rl
þ �ht _p ¼ 0 ð102Þ
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Here, the matrices and the vectors have the dimensions of 3N � 3N
and 3N � 1, respectively. The reason for having 3N here as the total
dimension is merely because the same number of modes (N) was
assumed for each independent mechanical generalized coordinate
at the beginning with Eq. (45).

Since the mass and stiffness matrices are symmetric and posi-
tive definite [33] and the system is forced to be a normal-mode
system [65] due to assuming proportional damping in Eq. (62),
one can focus on the eigenvalue problem of the undamped homo-
geneous system in short-circuit (Rl ? 0, hence v ? 0) conditions:

ð�k� v �mÞp̂ ¼ 0 ð104Þ

where the eigenvalues (vr) are related to the undamped short-
circuit natural frequencies (xr) through vr ¼ x2

r , r = 1, . . . ,3N. The
3N � 1 eigenvectors are then normalized with respect to the mass
matrix (p̂t

r
�mp̂r ¼ 1 for more r) for convenience and the following

mass-normalized modal matrix is constructed:

K ¼ p̂1 p̂2 . . . p̂3N


 �
ð105Þ

Following Meirovitch [33], the coordinate transformation that can
be used for decoupling the mechanical generalized coordinates is

p ¼ Ks ð106Þ
ental data and the analytical solution in the presence of a tip mass (N = 10 in the
ance).



Table 5
Assumed-modes predictions of the fundamental short-circuit and open-circuit
resonance frequencies of the voltage FRF in the presence of a tip mass (compared
against the analytical and the experimental results).

Short-circuit resonance
frequency [Hz]

Open-circuit resonance
frequency [Hz]

Experimental 338.4 356.3
Analytical 338.5 355.4
Assumed-modes

(N = 1)
344.6 365.3

Assumed-modes
(N = 3)

338.7 355.8

Assumed-modes
(N = 5)

338.5 355.5

Assumed-modes
(N = 10)

338.5 355.4
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Substituting Eq. (106) into Eqs. (102), and then pre-multiplying the
first one of Eqs. (102) by Kt leads to

m̂€sþ d̂ _sþ k̂s� ĥv ¼ f̂; Cp _v þ v
Rl
þ ĥt _s ¼ 0 ð107Þ

where

m̂ ¼ Kt �mK ¼ I; d̂ ¼ Kt �dK; k̂ ¼ Kt �kK; ĥ ¼ Kt�h;

f̂ ¼ Ktf ð108Þ

Here, I is the identity matrix while the components of the diagonal
matrices are

m̂ ¼ diagðm11;m22; . . . ;m3N3NÞ; d̂ ¼ diagðd11; d22; . . . ;d3N3NÞ;
k̂ ¼ diagðk11; k22; . . . ; k3N3NÞ ð109Þ

The advantage of mass-normalization p̂t
r

�mp̂r ¼ 1
� �

of the eigenvec-
tors is that the diagonal elements in Eqs. (109) are mrr = 1,
drr = 2frxr, and krr ¼ x2

r ðr ¼ 1; . . . ;3NÞ, where fr is the modal vis-
cous damping ratio (that is often identified experimentally [10,63]
and preferably in short-circuit conditions if the standard experi-
mental modal analysis techniques are to be used [66]). Since the
coefficient matrices in Eqs. (107) are diagonal, the coupling be-
tween the mechanical generalized coordinates is eliminated in the
transformed coordinates denoted by s.
Fig. 11. Variations of the (a) voltage, (b) current, (c) power, and (d) tip velocity amplitud
fundamental short-circuit and open-circuit resonance frequencies in the presence of a t
8.3. Representation of the transformer equations in conjunction with
nonlinear circuitry

Following the discussion of the previous section, the general-
ized power generator – energy storage circuit schematic shown
in Fig. 12 is for a unimorph piezoelectric energy harvester based
on the Timoshenko model. This schematic consists of the complete
representation of power generation (with all vibration modes used
in the assumed-modes solution), AC-DC conversion (a full-wave
rectifier and a smoothing capacitor), and a DC-DC voltage regula-
tion circuit followed by a storage component (a battery or a capac-
itor). The nonlinearity in the circuit starts with diodes of the
full-wave rectifier. Such circuits [26–29] include several other
nonlinear electronic components and processes, making it neces-
sary to perform time-domain numerical simulations using an
appropriate simulator software. The task of the designer for a full
system analysis is to take the left-hand-side components of the
transformers in Fig. 12 from the assumed-modes solution in order
to design and analyze the resulting nonlinear power generation
and energy storage circuit.

The importance of the decoupling process summarized in the
previous section is that the left-hand-side transformer compo-
nents (due to the assumed modes) in Fig. 12 are coupled with
the rest of circuit through the transformers only. It is straightfor-
ward to notice from Fig. 12 that, if a linear resistor was placed
right after the inherent piezoelectric capacitance (Cp) instead of
the nonlinear circuit, the schematic would belong to the linear
AC problem governed by Eq. (102). In the present schematic
shown in Fig. 12, a constant DC signal is obtained after the
smoothing capacitor (Crect). Often a DC-DC converter (step-up or
step-down) is used since the direct voltage output right after
the smoothing capacitor (which is a function of the vibration in-
put) does not necessarily match the voltage level of the storage
component [28] nor does the direct output after the rectifier
ensure the optimal power transfer to the external load. DC-DC
converters are often designed to maximize the power transfer
by optimizing their duty cycle [26–29]. Several other nonlinear
circuit topologies exist for the maximum power transfer and per-
formance enhancement as recently reviewed by Szarka et al. [67],
which can be combined with the transformer components taken
from the unimorph and bimorph assumed-modes solutions
(based on the Euler–Bernoulli, Rayleigh, or Timoshenko beam
es (per base acceleration input) with changing load resistance for excitations at the
ip mass (N = 10).



Fig. 12. Schematic of a unimorph piezoelectric energy harvesting and storage system based on the Timoshenko model of the cantilever as components on the left-hand-side
of the transformers for each assumed mode in decoupled generalized coordinates, an AC–DC converter (full-wave rectifier with a smoothing capacitor), a DC–DC converter,
and a storage component.
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models) for a complete analysis of the power generation and
energy storage problem.

9. Conclusions

Approximate analytical distributed-parameter modeling of can-
tilevered piezoelectric energy harvesters is presented in this paper
based on different beam theories. An electromechanical version of
the assumed-modes method of structural dynamics is used to dis-
cretize the energy equations into electromechanical Lagrange’s
equations derived from the extended Hamilton’s principle. The
derivations are given based on the Euler–Bernoulli, Rayleigh, and
Timoshenko beam theories. In all cases, an axial displacement var-
iable is defined to capture its coupling with the transverse dis-
placement or the cross-section rotation due to unsymmetric
laminates. In order to demonstrate modeling of an unsymmetric
configuration, the focus is placed on a unimorph energy harvester.
Simplification of the governing equations for symmetric bimorph
configurations is also shown and the effect of a tip mass on the
resulting formulation is discussed. A short discussion regarding
the kinematically admissible functions to be used in the models
derived here is also provided. Experimental case studies are given
for a thin bimorph cantilever to validate the assumed-modes solu-
tion using different number of admissible trigonometric functions
in the absence and presence of a tip mass. The predictions of the
assumed-modes solution are also compared with the analytical
solution and excellent agreement is observed. Finally, modal
decoupling of the governing electromechanical equations is dis-
cussed to establish a multi-mode transformer representation so
that the assumed-modes solution can be combined with nonlinear
energy harvesting and storage circuits for time-domain simula-
tions. The derivations given in this paper can be used for predicting
the electromechanical response of moderately thick cantilevers as
well as cantilevers with unsymmetric laminates and varying cross-
section. For piezoelectric energy harvester configurations with lar-
ger thickness and further pronounced transverse shear distortion
effects, higher-order shear deformable theories [69–72] can be em-
ployed in a similar fashion for improved accuracy and to eliminate
the need for a shear correction factor.
Appendix A. Constitutive equations for one-dimensional
bending of a poled narrow piezoceramic layer

A.1. Euler–Bernoulli and Rayleigh models

For one dimensional bending based on the Euler–Bernoulli and
Rayleigh beam theories, the only non-zero stress component is T1

(axial stress in the x1-direction), i.e., T2 = T3 = T4 = T5 = T6 = 0 in the
three-dimensional constitutive equations [68]. Along with this
simplification, if an electrode pair covers the faces perpendicular
to the x3 -direction, E1 = E2 = 0, yielding
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Here, sE
11 is the elastic compliance at constant electric field, d31 is the

piezoelectric strain constant, and eT
33 is the permittivity component

at constant stress.

A.2. Timoshenko model

In the Timoshenko beam theory, the non-zero stress compo-
nents are T1 (the stress component in the axial direction) and T5

(the transverse shear stress) so that T2 = T3 = T4 = T6 = 0 in the
three-dimensional constitutive equations [68]. Applying also the
electric field reduction, E1 = E2 = 0, one obtains
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Note that the transverse shear stress in Eq. (A.3) is corrected due to

T5 ¼ j�cE
55S5 ðA:5Þ

where j is the shear correction factor [42–52].
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